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ABSTRACT 

An analytical study for optimal threshold policy for queueing system with 
state dependent heterogeneous servers and discouragement is presented. In this 
investigation the discouraging behavior of the customers has been considered due 
to which the customers may balk or renege. To reduce the discouraging behavior 
of the customers there is a provision of removable heterogeneous servers. The 
service rate of the servers are different and the number of servers in the system 
changes depending on the queue length. The first server starts service only when 
N customers are accumulated in the queue and once he starts serving, continues 
tc serve until the system becomes empty. The hC j=2,3...,r) server turns on when 
there are N; , customers present in the system and are removed when the queue 
size ceases to less than N,_,. By employing the recursive method we derive the 
steady state characteristics of the system such as queue size distribution, the 
average number of customers in the system, the average number of waiting 
customers, etc. Sensitivity analysis have been facilitated by taking numerical 
illustration. 

2000 Mathematics Subject Classification : Primary 90B15; Secondary 90B50 
Keywords and Phrases : Finite capacity, Queue dependent servers, 
Discouragement, Heterogeneous servers, Queue size, Threshold policy. 

1. Introduction. In real life situations, it is common to use some extra 
servers to reduce the congestion by assuming that the number of servers changes 
according to the queue length. The decision makers often employ some 
heterogeneous removable servers in the system to reduce the discouraging behavior 
of customers and waiting time. Such situations can be encountered in many day- 
to-day congestion situations including banks, check-out counters, super market, 


cafeterias, petrol pumps, etc. 


There are several queueing systems for which based on cost criteria, it is 
-0. Gurukul Kang ollection, SECHER An eGangotri Injtiative 


recommended that the number of servers should be incréased one by one depending 


) 

rgand Singh (1993) investigated gueue dependent servers 
he optimal gueue length at which the next server 
is provided in order to gain the maximum profit. Yamashiro (1996) considered a 


system where the number of servers changes depending on the gueue length. A 
dent servers and finite capacity was considered 


upon the gueue length. Ga 
queueing system to determine t 


queueing system with gueue depen | ; 
by Wang and Tai (2000). Jain (2005) analysed finite capacity M/M/r queueing system 


with queue dependent servers. Processor-shared service system with queue- 
dependent processors was also studied by Jain et al. (2005). 

In classical N-policy queueing system, when there are N customers present 
in the system only then the server starts providing service to the customers. Many 
researchers have contributed to the studies on N-policy models in different 
framewaorks. Larsen and Agrawala(1983) investigated optimal policy to minimize 
the mean response time for M/M/2 queueing system. Medhi and Templeton (1992) 
analyzed the Poisson input queue under N-policy and with a general start up time. 
Kavusturucu and Gupta (1998) developed a methodology for analyzing finite buffer 
tandem manufacturing system with N-policy. Jau (2003) and Jain (2003) considered 
the ope, “ting characteristics for a general input queue and redundant arrival 
system, respectively under N-policy. Jain et al. (2004) analyzed N-policy for a 
machine repair system with spares and reneging. A two-threshold vacation policy 
for multi server queueing system was given by Tian and Zhey (2006). 

The discouraging behavior of the customers has also been incorporated by 
several researchers while developing the queueing models of real life congestion 
E A prospective customer on arrival may join the queue or may balk 
ee ete number pi customers present in the queue. Ankar and Gafarian 
(1994) p pu = E E E Blackburn (197a) ES 
EEN  corisider e of queues with balking and reneging. Jain and 
additions, r cain s Sh s M bas with ine aras em en ST 
P E mE arma (2002) investigated a multi server queue with 

. ragement. 

des. use UEM pores S ihe customers, one of the important 

Y while analyzing the ee. organizers is to increase the number of servers 
` reduce the balking/reneging oe “OR a different frameworks. In order to 
removable additional TOTS a anes Md - erer 
constraint view point. Abou ue Sh nh nr GR Gees il gu ees 
in the single server Ne E (1992) considered the additional servers 
(1998) analysed M/M/m arene Ec queue with balking and reneging. Jan 
and Sing: (2002) considered a M/M, NAR S and additional servers. Jain 
Im queue with palling. reneging and additional 


Servers. A multi sagr ri Collection, Haridwar. A 
r Aeee hodei wth discouragement and additional servers 


ar 


was studied by Jain and Singh (2004) in order to facilitate a comparative study for 
multi servers queueing system with and without additional servers. Controllable 
multi server queue with balking was investigated by Jain and Sharma (2005). In 
this model they have incorporated an additional server which is added and removed 
at pre-specified threshold level of queue size to control the balking behavior of the 
customers. 

In this paper we consider a finite capacity Markov queueing system with 
queue dependent heterogeneous servers and discouragement uder optimal threshold 
policy. The concept that the heterogeneous servers may be employed in the system 
one by one depending on the queue length can be helpful to reduce cost as well as 
the discouraging behavior of the customers in the system. The steady state queue 
size distribution by using recursive method is obtained which is further used to 
determine various system characteristis. The remaining part of the paper is 
organized as follows. In section 2, the model is described by stating requisite 
notations and assumptions. Queue size distribution and other system metrics have 
been derived in section 3 and 4, respectively. Some special cases are deduced by 
setting appropriate parameters, in Section 5. Sensitivity analysis is given in section 
6. Section 7 concludes the paper and highlights the future scope of the model. 

2. The Model . Consider a Markov queueing system with finite capacity 
and queue dependent heterogeneous servers. The concept of discouragement and 
heterogeneous removable servers under optimal control policy are taken into 
consideration. We assume that queue dependent ri 1) servers offer services to the 
customers who arrive in Poisson fashion. By the queue dependent heterogeneous 
servers we mean to say that the servers turn on one by one depending upon the 
queue length according to a pre-specified rule and renders service with different 
rates, the service times taken by each server, are assumed to be exponential 
distributed. The arriving customers may balk with probability 1-5;, j(j—0,1,...,r) 
denotes the number of servers rendering service in the system. The customers 
may also renege from the queue after waiting for some time; according to exponential 
distribution with parameter G. (j=0,1,2,...,7) here indicates the number of servers 
present in the system. The customers are served according to first come first serve 
discipline and the capacity of the system including those in service is of size K. 

The state dependent arrival rate of the customers are given as follows : 


Ab: OsnsN, 
An) 425;; N,,snsNj;jz23,..r-l 3 o 
Ab,; N,,snsK 2 


The effectiGé-SeSvideltetes afteriincorporatingsthprenegiag concept, can be 


————PPÓ ES 


4 
given by : 
[us + (0 (Rs IsnsN 
m + (1-13; NensN, 
D Le Es 
u(n)= yu * (n Jr N ja MEN pl 23r] 
2 ...(2) 
S , 
Duae es Na >R 5 h 


The number of servers employed in the system depends upon the number of 

customers present in the system according to the following threshold policy: 

4 The first server turns on when N(>1) cutomers are present in the system 
and turns off as soon as the system become empty. 

4 When there are more than N customers waiting in queue he provides service 
to the customers with the faster rate jj, otherwise serves the customers 
witt rate jp. 

+ The j^ (2,3,4,..,r) server provides service to the customers when there are 
more than N; ; customers present in the system, and as soon as the queue 
length become less than N; ; the jih server is removed from the system. 

Let P(j,n) denotes the steady state probability that there are n(n21) customers 

present in the system and j(j=1,2,...,r) heterogeneous servers are providing service 

to the customers. In our Model n denote the number of customers present in the 
system, v(i—0,1,2) denotes the level of the service state and j-1 (2,3,...,7) denotes 
the number of removable heterogeneous servers employed in the system. 

pen Oa) Ae the andy sate by that tre re clon 

that there are N. customers Sb eid PEN BU O) denies nana 

server or previously E Mn een T my adds 
there are j servers in the Ea pops d 1 or 2 respectively, and 
. We denote the probability of N; customers in the 


System b j - PN | j | 
Y PU,N )- HAND, P(j,N,(2)). Here PU,N ,(1)) is the probability that 
K the Nth i i 
| j Customer in the system is being served by the jth server while P. ( J+1,N; (2) 
denotes the probability that N^ 
H 


while PUj «LN, 
0 j@)) denotes the probability that N E customer is being served bY 


the (j+1)" server wi i 
er without having any reneging probability. We have also considered 


that wh n there 
are N customers waiting before the servers, then all the 7 


a 
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customer is being served by the (;4- 1)*^ servet, 


finite source multi server queueing system are given by 


Ab, P(0,0) = poP(1,1) BET 
NEC a CH 
OTTEN Bee 


Db, + bg + (2 — BC 1,n)2 Ab P(1,n - 1) (ug + nag)P(L,n #1):2 > n< N ...(6) 
Db, + puo + LN ~ log PLN) = hb, P(0, N -1)+ Ab, PQ,N - 1)+ (n, + Na JPN 14.0) 
Dh +p, +(n - 1), JP n) Ab, PU, n - 1) (n, +20 (IPU, + LL N #1 sns N, -2../8) 

( 


Dh +p, (N, — 2) LPD, N, - 1) 2 Ab, PLN, - 2) d + LN, - 1o LPU, ND 


+ us P(L N, (2)) ...(9) 
{iby Am, + (N, Ia, LPD, N T< ANN P(L N, - Us hs PI. N, +1) ...(10) 
(Ab, + ia )P(1,N  (2))= ius +(N, — Ia, }P(2,N, AT 1) (11) 


(Ab, + b PL, RT = 20, P(n—1)+ 6,(n+1)P(Uj,nt+1}Nj.+1<n<N, -2, 


j=1,2,...,(r-1) (12) 
(Ab, +, (N, PL, N -1)- a5; P( ^N; SEH A, (N IBU, ND 
usA PNE) SIE (et) ..(13) 


bn... zé UN. ))PU,N;())- Ab;P(j,N , -1)+ Ba PU LN; 1) 912... - D. (18) 
(EI yt Mis (IPU, NI 2))= J.N. ^r 1)- eja PU+LN; +1); j= 1,2,...,(r - 1) ...(15) 
{Ab,. + ,.(n)}P(r,2) = Ab, P(r,n — 1)+6,(n+1)P (r,n+1);N,1<n<K ...(16) 


h P(r,K)- Ab, P(r,K -1) 

3. Queue Size Distribution. In this section, we derive the mathematical 
expressions for the queue size distribution and average queue length for finite 
capacity model by employing recursive methed. 

For brevity of notaion, we denote 


J 
6, (n)= X m *(n- Jj; Nj. <nsNj,j =2,3,...47 — 


i=l 


n)= Yu; t(n- rj; N.,«nsK 


CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


6 


TETUER 3 l<n<N 
po (0-1 0 | 
Gi — N,,«nsNj,N-N,JzlZ..r-L 

J J 

xw *(n- j (Si J 1 . 

t=] 

Ab hb, Ab. 
Ait) = (j-1) _ to y 

A= YI» USD N a : Ne RS J J = 2,8)....7 = 


Ec Su en, -j- "ej xD Hj 


ixl 


The steady state probability P(1,n) is obtained by solving equations (3) to (8) as 


II^. l<n<N 
i=0 j=0 
MN 


A[[]ry,;P(0,; N<n<N, 
i=0 


P(1,n)- 


For j =°.3,....7-1, we obtain probabilities using equations (9)-(15) as 


A i by KIK Ae] Tlrws:P00) 
1 i=N+i 


n.a TER bn, (r9. 1). dR dl. gU) 


, 


N< ns IN J ID ODE 
Also solving equations (16) and (17), we get 


ri 
P(r,n)= ADIP», Ch dert, Pl 0 ,0) K 
H ES l=N +L N,- <n< 
[rua Inn, Jr (4 1). rr, r + gu) : 


K=1 


P(0,0) can be obtained by using normalizing condition 


rt X Pn) S 7 GEES 


-0 n-l =2 n= 
sa cdi 0. Za Si Collect Mar idwar. An cim Initiative 


REN EP" 


At the threshold level the probabilities are obtained as : 


Tn, go Pw, D * 1)+ DUI 
Rp» (Oa rry di 7 gv 


J 


P(j,N,Q))- POUN KH LRF (20 


and 


RWS o 
P(j, N ,(2))=- Binge Sa PMN hi 12 1 
Jii j S la, eil lc cle, r” Ra JN ja fd 5 T ...(22) 


Also 
PU. N ;)= PU, N Di PU, N (2), j 212... 7-1. 


4. Performance Metrics. This section is devoted to some performance 
characteristics by using steady state queue size distribution as follows: 
Pr (1 server is rendering service in the system)=P(1)=Pr ob{1<n<N;} 


ju X AT Try. P(0,0) BECH 


nzlV 150 j=0 n-N«l  i-0 


Pr (j servers are rendering service in the system) - P(j) » Prob LN sn < Nj} 


N,-1 n-N 
Af Ton, ORA» Tea 
K- n=N;-li=N+i E ; 
E aa 


Pr (all r servers are rendering service in the system) 2 P(r)- Prob(N, 1 Sn SK } 


A H k m LOU s Ell * Ties P(0,0) 
K= 


S Ja 
Tn. T (Ry, (40. ih rry, JE), RK) 


nzN,, i=N+t 


= 


$ N;,«nsN,,j228,.,r-1(5) 


The average number of customers in the system having r heterogeneous queue 
dependent removable servers which are employed at thresholds 


N z (N.N, No, N,.,) is obtained using: 


K 
Lir $ N) = a? CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 
n=0 


Y 


N Di, jp (Ap) | [ Ivi 


J-l 


à iN 
mx. Cf, NIS ajar Ohy, RO) 


K I 
OS ee cas P(0,0) 
E i S : ...(26) 
ESSI (RW pn, (; "mn pr, K) S RO) 
Kzl KA 
The throughout of the system is given by 
XS: ^S BC 


5. Special Cases. In this section, we discuss some special cases that can 
be deduced from analytical results derive in the previous sections. 
Case I: M/M/R Finite Capacity Queueing System With Queue Dependent 
Servers. In this case we set bi-l and o =0(j =0,1,2,...,r), and avoid the first 


threshold level i.e. we set N=1 then our results tally with those of Jain's (2005) 
model for M/M/r queue with heterogeneous queue dependent servers. In particular, 
we come across the following special situations: 

i. If we set r=3, then our results coincide with the results obtained by Wang 
and Tai (2000). 

ii. When the system capacity is infinite i.e. (K-00), then the results correspond 
to the finite capacity queueing system with three queue dependent 
heterogeneous servers model which was discussed by Wang and Tai (2000). 

iii. We can obtain the results for model of queue dependent homogeneous servers 
by setting Ha =), =...=p, for this model. 

Case. II : When N=1, N,= 2, Ng58,...N,5r, b= Land o,=0(7=0,1,2,....7), then our 

model converts to M/M/r queueing model sath s server. 


Case III: When N-1, N,-2, N3-8,....,N,5r, DA oj50(j—0,1,2,...7), By =H then 
model provides results for elagsicel MMI mawensingampdalustith homogeneous 


M 


server. 

5. Sensitivity Analysis. In this section, the sensitivity analysis is 
performed to examine the effect of various system descriptors on the average queue 
length and throughout of the system. A computer program is developed by using 
the mathematical software MATLAB on Pentium IV. Various performance indices 
are computed and summarized in tables 1 to 3 by setting the default parameters as 


N=1, K=50, r=3, b 20.4, uo = 1.5,u = 1.5 pt, Œo =0.2,0 = 3. Some more results are 
also obtained and displayed in figures 1-4 using the default parameters as N=1, 
K=50, 753, b,=1, uo 2 15, = 1.5 po, Œo = 0.2, = 1.5. The following three policies 
having different threshold parameters are taken into consideration: 

Policy 1: In this policy, the homogeneous servers turn on one by one with the 
arrival of each customers i.e. pı 2 HN: - j7 #1. 

Policy 2: In this case, the heterogeneous servers activate one by one with the 
arrival of customers i.e. N; =j+1 also we set pj =1+ 0.1(j - 1), . 

Policy 3: For this policy, we consider the heterogeneous removable three servers 
who starts the service according to rule N; =3j and we chosen Hj = 1+0.1(j—1}1,. 


Table 1 shows the effect of N, and arrival rate (X). Both, average queue 
length (L) and through put (x) of the system increase with the increase in 4 and b}. 


Tables 2 and 3 depict the effect of (N, po) avô (N, o ) on the average queue length (L) 
and through put (t). We note that the average queue length (L) and through put (1) 


decrease as ju, increase but both L and + increases as b, increases. Effect of N and 


a, are demonstrated in table 3. When we increase the a,, L decreases and « 


increases. but effect is not much significant. 

From figures 1 and 2, we see that the average queue length (L) increases 
(decreases) with arrival rate 4 (service rate u) for the different policies, which is 
what we expect in the real life situations. Also it is noted from figures 3 and 4, that 
the average queue length (L) decreases (increases) with the increase in reneging 


parameter a, (joining parameter bj) for the different policies. If homogeneous 


servers are taken into consideration i.e. for policy 1, the average queue length is 
higher in comparison to the policies 2 and 3, where heterogeneous servers are 
employed. The queue length is slightly higher in policy 3 where heterogeneous 
servers turn on with the additional workload of 3 customers, in comparison to 
policy 2 where heterogeneous servers turn on with the addition of one customer; 


this pattern matches arith RISE Si? OnE: An eGangotri Initiative 


L N ind X JL EL L a| to E c | 
D A b1=.6 b,7.8 bus A bi=.6 bi=.8 ` 
| 5 2.8551 | 4.4845 | 7.3264 | 6.5472 | 11.8068 | 16.3062 j 
| 8 4.9483 | 10.5025 | 18.1395 | 12.7928 | 19.4009 | 25.6156 | 
5 OI 8.8264 | 19.1339 | 30.0820 | 17.8758 | 26.4102 | 35.1656 | 
14 14.2107 | 28.1095 | 40.2298 | 22.4691 | 33.5877 | 43.2838 | 
| 17 20.1303 | 36.5396 | 45.2481 | 27.2065 | 40.3317 | 47.2985 
i 20 26.1204 | 42.4439 47.2093 | 31.9965 | 45.0551 | 48.8675 | 
Table 1: Effect of N and X on Performance Measures 
N | uo L T 
| biz. bi=.6 | bi=.8 | bi=.4 | bi=.6 | b42.8 
| 0.5 | 4.2780 | 6.6925 | 9.4514 | 5.2456 | 7.6043 | 9.7481 
| 1 2.5847 | 3.6305 | 5.2459 | 3.7634 | 6.9433 | 9.9072 
5 1.5 | 2.2325 | 2.6505 | 3.3785 | 3.0157 | 5.5534 | 8.6544 
“2 21231 | 2.3311 | 2.6908 | 2.6952 | 4.7315 | 7.3479 
2.5 | 2.0762 | 2.1986 | 2.4039 | 2.5313 | 42772 | 6.4814 
| di 3 | 2.0519 2.1322 | 2.2632 | 2.4354 | 4.0067 | 5.9306 


Table 2: Effect of N and w on Performance Measures 


2.9653 | 5.4715 
3.0157 | 5.5534 


3.0672 | 5.6451 
3.1194 | 5.7435 
3.1721 | 5.8472 
3.2252 | 5.9553 


Table 3: Effect of N and ag on Performance Measures 
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Over all, we conclude that the average queue length (L) reduces (increases) 


with the increase in N, ji, and a, (à and 5j). The through put (t) shows the 


increasing trends with the parameters N, X, b,, jt, and a, which is quite obvious. 


By incorporation of additional removable servers, there is remarkable decrement 
in the queue length which promotes the provision of a pool of additional servers 
along with permanent servers. 

6. Discussion. In this paper, we have studied a finite capacity multi server 
queueing system with queue dependent removable servers and discouragement 
under N-policy. The assumption of discouraging behavior of customres makes our 
model more versatile as it deals with more realistic congestion situations. To 
reduce the cost, the decision makers are suggested to employ heterogeneous serves 
that may further be removed after pre specified threshold level. The cost 
relationship established is helpful to determine the optimal queue level to introduce 
the removable servers in order to gain the maximum net profit. 


8 B e 
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6 rene 
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RE tuu Boros policy 2 OM Waka ala policy 2 
a -- - policy 3 1 ——— -policy 3 
0. : . Md om t: e 
10 11 12 13 14 15 16 17 18 19 1 1.11.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 
A H 
Fig 1: Average number of customers (L) vs. Fig 2: Average number of customers (L) vs. 
arrival rate (A) for different policies. service rate (po) for different policies 
7 
6 
5 E 
4 aes, ne en 
= 3 . ——— policy 1 Pa er 
GI aan policy 2 i 
1 + - — — — policy 3 
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Fig 3: Average number of customers (L) vs. Fig 4: Average number of customers (L) vs. 
S b; for different policies. 
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ABSTRACT 
In ths present paper a group theoretic method is applied to the differential 
eqation whose solution is ,F,(—n,a;v;f(x)). Then we study in details the case 


f(x)» e*. We consider six-parameter Lie group for this hypergeometric function, 


which does not seem to appear earlier. By means of this group theoretic method 
some new generating functions are obtained from which several new special 
generating functions can be easily derived. 
2000 Mathematics Subject Classification : 22E30, 22E80, 33C05 
Keywords and Phrases : Hypergeometric function, Lie group, generating 
functions 

1. Introduction. The hypergeometric function of one variable is introduced 
by Gauss in (1822) and defined by 


a s (a), (6), 2" 4.6 ala #1)6(6 4 1)z? 
leesch (c), n! E Le 2 1.2.c.(c +1) S vent 


where (a), denote the Pochhammer symbol defined by 


(a) 1 ifn=0 ab 
a), — c 
" \aļla+1)..(g+n-1) ifn=1,2,3... 


The hypergéometric polynomial (1.1) is a solution of the following equation : 


PX - re) Ey PA Dn LO rasi) ol 2 
Bl coe c uf 


* naf (x)y =0 (1.3) 
Several generating relations for hypergeometric polynomials have been derived 
by different methods e.g. classical, theory of Lie-group etc. In a recent paper A.K. 


Chongdar [1] has derived some generating functions for the said polynomials by 
Lie cicius methode uruk Kagat Haridwar. An eGangotri Initiative 
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Now, we can apply the group theoretic method on (1.3) by replacing 


E by = a3 m ges [e = and y =u(f(x),f(y),f(z)) in (1.2). 


We get the following partial differential equation : 


B PG) fo) ou Ca f(z) u 
(ee) 


ax f(x) Foya f'l) PG) ax 


we Jf), PG), Pore) oja. 
2 f P le E 


(x) Ox 
Thus a, (f(x), f (y). f) C nas) VI IA) is a solution of the differential 


equation (1.3) since ,F,(-n,a,v,f(x)) is a solution of (1.3) we now defined the 


infinitesimal operator A,(i = 1,2,...,6) 


A, = AD + APT 4 AP LAN) 
YA 


as follows : 
_ fly) 2 
d [oe 
A teen. 
? f(z) a 
copie) eles 
“Ora foy 
A A febi, bt e 1010 2 4 
x Ox Z oz D 
Te) fey” L y! ce 
(rd & fero)a ree ~ 
Kera LOR a 
ee) a 


2. Application. Now, we study in details the case when f(x)- e", then the 


differential equation (1.3) can be rewritten as 


(1- eps «[n- aje? +(v- DES + nae*u = 0, GH 


where WzjF L n,Q; u;e z) 


0 Sos d E 
0v az = px ad We ule* 2”, el 
e CC-0. Gurukul Kangri Collection, Gester An SC Initiative 


Let Hz 


Then from (1.3), we get 


aa Ou 0u an OU 


ex? yon - OzOx a dydz 
which has the solution 


ule” e e EC n,Q;U;fe x lemer. 
So we define 
A, = 0[8y 

= 0/0z 


Ag - e" (@/ax — 0/8y) 

Ay = ie e P di + e” Bly — e^? O[0z — ve? 
As =e "(jer ae e*- * gay e" ðJ âz + ve * 
Ag =e? (0/0x + 0/02) 

such that 


SEN 


ALAC n,o5U;e* pure] - =n CH n arme" prt 
n,0;U;€* pure =a PL n,05U;€ x kene 


| 

wre =-n EI (n - 1)a;v;e x lh- "ez 
| =( 
| 


x 


Ap n,05U;€ 


- 

C 
NIMMT 

iC k 

e 


(v+n) r (n +1),a;0;e* oes 


alt 


Al Fil- n, ave Ju =q RC n,a +1;v;e" p 


n,o;v;e* p"?*** | =(v-a DAs n,a —l;u;e* ye 


(2.3) 


(2.4) 


(2.5) 


Now we have the following commutate or relations. Using the relation 


[A, Bb = (AB - BA)u, we get 

HE : [45,45] 0. 2 [45,44] -24; - V ; 
[A,, As) --—A, , (A2, 4,]=0 ; [45,45] 0 
[4,A)J=4, ; lA As]--As 3 [A A]-0 : 
[4,,As]=0 — ; [AnA]- As 5 [A Ac] -24 +v 
[A,,Ag]=0 > 


Hence we get the following theorem : 


[A,,A,]=0 
[A,,As]=0 


(2.6) 


Theorem. The set (I,A; (i=1,2,...,6)) when I stands for the indent operator, 


generates a Lie-algebra il and each of the sets 
(7, A, (= 1,2,3,4)} and IL, AU = 1,2,5,6)} 


forms a subalgebra of 


f L. 
It can be easily : ujukul Kangri Coleoptera frereana bettor L given by : 


-e +e * (v Je (2.7) 
ex? Gut OzOx Ou Ox 


ES t e? t e? : e? 


can be related to each A; in the following two different ways, i.e. 


L=A,A,+A,(A,+v-1) and 
) . 


L= AA. - (A; 1 DEER (2.8) 
From which it follows that L commutes with each of the A; 
ie. IA Lle 0 (i =1,2....6). (2.9) 
“The extended form of the groups generated by (A, (i = 1,2,...,6)) given by; 
e" ^ue" ei e )= u(x,a,+y,2) (2.10) 
e*^ule* ei ei u(x, y,as +z) (2.11) 
e'i^ue ee |= uly +x- Ine ~ a3 ) Infe? -a3 IB (2.12) 


e“^iule" e% e” E EC -a,e* ) 


back Sl 
3 = W ty -In(z -a5 ft -e* ) 


e i eee) Inle? — Oe ) 


a,A, 
es ule") =v] 


SS (2.14) 
e™^ ulet er ei L- ulx -Inl —age* LA - Int — age” ) (2.15) 
Therefore we easily get 
gis aa SA NS oy. 

uk = mfe Di a525)- a5 ka - aye? E ayape "7 Ip asi (2.16) 
where S 
aech z l- age* M - age” }+ aye**? : 

e* (1 agag)- ag e* (1 25a4,)- a4 aje” (1 xa,a,) 


e'ü + a50,)- a5 


e'(1-a52,)- gelt ase? o a40,) 


n-2at z 
e da aya Kangr Telantjan) layar, ert 6Cangotri Initiative 


16) 


o meae 1+a;a,)- as (1 —a,e' J- a,ase* 
1-age* M -a,e "ls 


3. Generating Functions. From (2.2) ue? ei ek pl ng: uP be” is 


a solution of the systems : 


Lu=0 _{Lu=0 Lu=0 
oer" a)u -0' iiem 
and from (2.9), we easily get 
(SL), F, (- n,asv;e* pre =(LS), F, E n,ov;e* be - 0, 
where g = gs anhe añ 9237s o22A2 en , 
Therefore the transformation als C n,o;a;u* Je”? e] is also annulled by L. 
By putting a, =a,=0 in (2.16) and then using it, we get 
AA gas As 04A. osf le Hh L 7, @;U;e* jua) 
xi 


(a -v- njin fi - age ^ +a5dg kh - ase? )- agape AN atn — Age” Je age” Lk aye | 


+ vial + a304)- age ? h — ape” L agas n ase* TU aza, | 


2 
-n,Q; e 


v; kb - age” I 0467 l age”? lu —age ^ +A5Ag Ya aza, )- aje?) 


+In ?Fi 


+a(y * z) (3.1) 
tape” (Lt dadi ) 


Again 


ess g 545 ead. anaa Bae 7, 03050 <me 


*) 
(as ye 


Wee a oaks cai (3.2) 


ar In an| 
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Equating (3.1) and (3.2), so we have 
(a-v- «hol — ape” * 0506 U - aze” E azae 7" L Inti -age | h — aye? n ase?) 


* nina +aga4)- ae” kh -ape ^ + agag | age" “(Lt agag ) 


x 
—n,Q, e 


v; L — age” h - ase | aye” a - ase ` + agas i + a304)—- age | 


+ In F 


tape” "Uz agag ) 


+In Al veto KÉ "e zia pu -k)- -z(m = p) (3.3) 


U; 
The above generating function does not seen to appear before where from a large 
number of different generating relations (near and known) may be easily obtained 


c 

by attriluting different values to a,'s of which the generating relations. I 

Derivation of some generating functions involving Jacobi polynomials € 

from the relation (2.19) é 

Now putting . 1 

l-e” à 

a=1+a+P+n, v=l+a, et = 5 in (3.3) and then t 

Case 1. Letting as =a, =a, =0, a; - 1, and e7 2 we get, 

y y 

(1+ 209 b ed en) pas] e tre? Jt 
; 1+\1+e? Jt 

PA QE $ i 

- S EE oi 


Case 2 : Putting a; =a, =a; =0,ag = 1, and 92 ~;, we obtain 


mM en CN YS. 


Sem » 
Da aa ed = EIE n), L (3.5) 
p=0 F: 
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ABSTRACT 

The paper examines the problem of unsteady MHD flow and heat transfer 
of a viscous incompressible fluid in slip flow regime with variable permeability 
bounded by two parallel porous plates. Using perturbation technique the 
expressions are obtained for velocity and temperature distributions, skin friction 
and Nusselt number. The Effects of slip parameters, Hartmann number, Reynolds 
number, permeability parameter are discussed on velocity and temperature 
distributions. Important parameters, the skin friction and Nusselt number at both 
the plates are also calculated. 

2000 Mathematics Subject Classification : Primary 76D, Secondary 76505 
Keywords : Unsteady, Variable permeability, Slip parameters, MHD, Porous 
Medium, Heat source/sink. 

1. Introduction. Fluid flow and h^at transfer in porous media is an 
important subject in hydrology. It is of vital interest in petrolium and chemical 
engineerings. To study the underground water resources and seepage of water ina 
dam, one needs to investigate the flows through a porous media. Flow in a channel 
is very fundamental problem and attracted the attention of many research workers. 
Schlichting and Gersten [10], Bansal LI and some others have considered the 
problem in their books. Considering magnetic effect Attia and Kolb [1], Yen and 
Chang [15] and Singh [11] studied the flow between two parallel plates. Jain and 
Bansal [5] considered temperature dependent viscosity in the Couette flow. Attia 


[2] studied hall current effects on the velocity and temperature fields of an unsteady 
rical solution of free convection MHD micropolar fluid flow 


Hartmann flow. N ) 4 2 dee 
PET Guru Kangi Coleen den tseinesed HP Bitargava et al. [3]. 


between two parallel porous ver 


E o | )- |o Aa 
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Pulsatile flow in a channel or in a tube has application in Biofluid flow in 
the dialysis of blood in artificial kidneys. Sharma and Mishra [12] , Sarangi and 
Sharma [14] and Sharma et al. [13] have solved the problems with time dependent 
pressure gradiant. 

In geothermal region situation may arise when the flow becomes unsteady 
and slip at the boundary may take place as well. At high altitude, the study of slip 
flow becomes very important. Kepping this in mind Soundlegekar and Arnake [9]. 
Johri and Sharma [6], Jain [7] and Jothimani and Anjali Devi [8] considered the 
slip flow boundary conditions in their problems. 

The aim of present paper is to investigate the MHD flow and heat transfer 
of a viscous incompressible fluid in slip flow regime with variable permeability 
bounded by two parallel porous plates. It is found that the skin friction at both the 
plates increases with increase of slip parameter h,. 

2. Formulation of the Problem. Let us consider the unsteady 
incompressible MHD heat teransfer flow through a porous medium of variable 


permeability K(t)=K, (Li se^" ) in slip flow regime bounded by two infinite long 


parallel thin porous plates. The parallel plates are placed at a distance h apart. 
Let x*-axis be taken along the direction of plates and y*-axis is taken in normal 
direction-to thé" phages. 

The equations of continuity, motion and energy for unsteady flow of an 
incompressible viscous fluids are 
CU 
duae ceu -nt 
E =0>v= vall + Ace” ) 2 Ob) 
EE Gu ut 


PS = iu + Bu - 
Ct Cy} €x "y? NG Kode”) (2) 


Zi. ep 
Gs oy OI 
T T) PT (uy 
(Q | má gn ge 
Ona e] an ; 
The boundary conditions are 
yz0: u - 0. REMO 
EST : as n du dT 
yan u =u(l+ Ace Lv Dab SG) 


where u, v are the components of velocity along x-axis and y-axis respectively, t the 
time, Up is the cross flow velocity, p the pressure, p is the density, C, the specfic 


heat at constant pressnee fu fhejbenmal.condustivitealt db eaefficient of visco? 
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Q the volumetric rate of heat generation, T the fluid temperature, T, the static 
temperature, o coefficient of the electrical conductivity, Bj the coefficient of 


2-m, 


Ka being mean free path and m, 


electromagnetic induction, here L, d 
m, ) 


the Maxwell' s reflection coefficient. 
A and n are real positive coefficients such that gA <1 


Now introducing the following non-dimensional quantities 


, uh ee d C , ph 
x » ys. u* ===, tao Pr SS EE 
Véi K, T-T, i v? Qh? 
=— S 0- , E, = TA c , 
RR ra IE PCR) "76, 
Bh? 2 nh” 
Me ne TES : 
pu U 


affer dropping the 


H 


Equations (3) and (4) reduce to the following fo 
asterisks over them 


* oa GAG, H 
Ou R (1 Ace" jeu x _ Op c Ou Why. 1 IKAN ) Ad 
LUE ell + Ace ay S Ss ar KU Ace”) t S E D ) 


“Om. ~ 
NNI 


a0 o ao (au) = : 
Pr-—- Pr Reli + Ace” E Se E PrE, +Prað 00) 

ot cy Ou CH 
with corresponding boundary conditions 
u=0 oc dn Hus Be BO 

0 
u= Rol + Aee” Jem S, Pel oer aty=1 
Di L, hug 
== = 2 R AA. 

Here h, B KS E 


3. Solution of the Problem. We assume 


T = (4 E Ace") 


u =Uy(y)+ Ace™u,(y) ...(9) 
820, (y) se" (y) 


Using equation (9) in the equations (6) and (7) and equating the coefficients of the 


some powers of €, we get the following set of ordinary differential equations after 
CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 
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up + Reu, (mM? x1/KJuo =1 ...(10) 
ui +Reu, -(M? +1/K -nju, =1- Rew — UE ug ..(11) 
Bo +PrRe@y + Pr a8o = -Pr E, o T ...(12) 
0; « Pr Be, + Pr nD, + Pro, = -Pr Re A0, - 2Pr Eet ...(18) 
with corresponding boundary conditions becomes 

=0: Ho zs u =0, Sedi 8, 20 
yal: u= Ry * haus, u = Ry thu, 0, 214 babu, 9; < h0; (14) 


Equations (10) to (13) are second order linear differential equations with 
constant. coefficients, the solution of which are 


u=Cye" 4 Ce"? — A, Ace" (Ce +C ent + Ae" + A e"? + As) ...(15) 
D Cze” A Cpe” m Ae" + Ase” 4 Apem lv + se 

m my ` oi 2 2m; 
(C;e 12 * Ce *' 4. Aye LA je” + Aye" + Age "H 


Ay eem br Alem) + A elm emily + Ay, 0271 Agent my 


A, e «ml + A pelt yA, elmtmaly + Age?) ...(16) 
where 
E | 2 2 
A -M* +1/K at Rer Re sam +1/K) 
2 , 
-Re- Re?+4(M?+1/K] C = Ae hm5)- A -Ro 
ng "cm es m. m i 
Z 2 3 e™ (1- hms)- e^ (1- hmi) 
6. ah nb bs) + Ro -Re+ JRe?- 4(n — A,) 
era (1— hym; )- e" (1-Aym,)’ s 2 : 
- Re- JRe?- 4(n — A C 
nm, = See A Ay -Recim 23 P 
a C, A 
A; =— ReC,m, += |, DNS ee 
K m? +Rem, #(n-A,) 
A ; 
A S eset eee GG 1+A 
" me + Rem, +(n—A,)’ EE C, = (C4 + A + As + As) 


C, = Fo Ae + Age um, - 1) Age” (fm, 1)- e (1— mm KA, As + As) 


eD m,)-e"^(1— 


m : 
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9) 


- PrRe * J Pr? Re? -4Pra 


HLS = 2 , 
te PrE.m?C? 
4 4m? +2Pr Rem; + Pra’ 
2m,m;C,C 
Ay == WD) 


(m, + my) + Pr Re(m, +mz)+ Pra’ 
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- PrRe - 4 Pr? Re? - 4Pra 
mg — 2 C 
A PrE .m?C? 
4m? +2Pr Rem, + Pra à 


Ag = 


C, =1- (C; +A, + Ag + Ag), 


o, Lettere Rac om s mo Ae] ea hom An -4s A) 
x: e (1 —hyrmg)—e brns) 


- PrRe + 4 Pr? Re? - APr(n +a) - PrRe - J Pr? Re? - APr(n « a) 


Mq = , mg = 


H 


2 2 
PrReAm 5C; PrReAmgCg 
Aio 2 , Aa ME 
m2 + PrRemg +Pr(n+a) m? + PrRemg + Pr(n+a) 
2PrReAm 147 2PrReAm Ag 
Ans SE 2 D Au d 2. 5 , 
4m? + 2PrRem, + Prin « a) 4m? +2PrRem, + Pr(n * a) 
gm PrReAAg(m, * m3) 
| (my + mp) + PrRelmy + mal Prin ral 
2PrE.C,C3m,m3 
Aus Fg 2 5 , 
(m, + m3)? + PrRe(m, +mg)+ Pr(n + a) 
Abd 2PrE,C,C4mim, 
16 (my +m4} + PrRe(m; + m4)« Pr(n«a) 
2PrE .C,m?A, dee. 2PrE,C, Ammy 
Aw SS » 4418 —— U 
Am? « 2PrRem , + Pr(n+a) (m, ms Y. + PrRe(m, + ma) Pr(n +a) 
19 (mp ma). + PrRe(ms + mal Pr(n+a) 
AREE 2PrE,C;C4m3ma4 
90 (mg m4).  PrRém; * ma Jo Prin o) 
e BEd 
Ap =- Am? + 2PrRem a + Pr(n + a) 


(m, ma)! + PrRe(m + melt Pr(n+a) 
C, = -[Cs + Ayo + Ar + Ata + Ais + Ana + Ais + Ais + Aus + Aig Ang + App + Ani + Azo]; 


ha [ms Aur POG inen agedeelt m; Ay e! 
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(mtma) Um zm.) 9 A 2m, 4 (m +m JA emm) 
+ (m2, +m Age" (m, 4 m4)Asee 2m, Aug 7 a Ave 
E (m,*m4) (my Yma) 2m, 
* (m, + ma A2 7") (m, mA ee s (m, +m, Ape + 2M Ane” 
9 2m; (m,*m;) (nam) (m,+m, ) 
Jaen + Age + Ayer" BA + Age | + Ayre mse Aen ed 
5 Ç Y 5 j (m, ms) 2m, 
WAN + Age?) + Age?) + Appelt) + Anse my, THA + Asse 2 


avert D -h,m, Aro +A), + Aj + Aig + Au + Ais + Aye + Az + Ais 
Ç + Ajy + Ago T Ag, + Ay» | 
et D- Rama lee" - ham, 


4. Skin-Friction. The coefficient of skin friction at the lower plate is 


=m,C, +m,C, + Age" [m,C, +m,C, T m, A, + m4 As] 


The coefficient of skin friction at the lower plate is 


m 5 Gi 1 
-mjC,e^ L m;C;e"* + Ace" m4Cse"? A m,C,e"* +m,A,e™ 4 m5 Ape” 


5. Nusselt Number. The rate of heat transfer in terms of Nusselt number 
at the lower plate is 


(Ni Hl = E 
Een 
=m,C, + moC, * 2m, A; + 2m» A, +(m, T m;)As A ee" ba + maCs + ms Aro 
1 mAn * 2m, Ay € 2m, Ai * (m, 4 m; A, 4 (m, 4 ms Lä * (m, +7724) Ais 
+ 2m, Ay + (m, + my Lä + (m, + ma )Ajg + (m + m,)Az + (m, + mz) Ao, + 2mz Ann! 
The rate of heat transfer in terms of Nusselt number at the upper plate is 


Z maag" + ges CSU mee, ban mod d ESCH Pm. fAse (mm) + ce” 


er 
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m; mg me Mp 2m, 
Im;C;e T mgCge"* A m, Ae" L ms Auer 4 2m, Aye?" + 2m, Aje 


; (m,+m, + + 

+ (my * ma)Ai 7^ a) +(m, + m3)A 5 "^ ma) (mi + ma YA gem) 
2 + 

+ 2m, Aye" + (m, + mp Age" 17) + (mg + ma Age m) 


(m,+m 1 (mitm) , 2 
+ Da + m4 )Agge 77) (m, + m3)A, 0? + 2m, Ae". 


6. Result and Discussion. In order to understand the solutions physically, 
we have calculated the numerical values of the velocity distributions [Figure 1.0], 
temperature distributions [Figure 2.0], skin friction [Figure 3.0 and Figure 4.0] 
and Nusselt number [Figure 5.0 and Figure 6.0] for different values of h, (slip 
parameter), ho (temperature jump), M (Magnetic parameter), Re (Reynolds number), 
a (volumetric rate of heat generation) and K (Permeability parameter). 

In Figure 1.0, the velocity distribution (u) is plotted against y. It is being 
observed that velocity increases with the increase in h}, Re and Ro but decreases 
with increase in M and K. It is also observed that increase in velocity with the 
increase in injection parameter takes place for both the cases slip flow or no slip 
flow. 

In Figure 2.0, temperature distribution (0) is plotted against y. It is being 
seen that temperature increases as M, K, Pr and « increase but phenomena reverses 
for the case of hj, hg and Ro. It is interesting to note that for the case of Pr=7.0 
(water as a fluid), the temperature first increases and after some channel width it 
decreases asymptotically, while for the case of Pr=0.71 (air as a fluid) the 
temperature decreases continuously. 

Skin friction which is plotted in Figures 3.0 and 4.0 against K is having a 
worth noting observation. It is being observed that skin friction at lower plate 


(C; Fa increases with the increase in Re and h, but decreases with the increase in 


M and t while skin friction at the upper plate (c, IS increases with increase in M 
and h, but decreases with the increase in Re and t. Moreover, increase in K has 


very small increasing effect on (c, L- but increase in K decreases (c; ) sharply 


for lower values of K than for higher values. 

Nusselt number at the lower and upper plates are plotted against ¢ in Figures 
5.0 and 6.0 respectively. From the figures it is observed that Nusselt number at 
both the plates increases with the increase in o and K. Moreover, Nusselt number 
(Nu) at the lower plate remains positive for Pr=7.0 but for the Pr=0.71 it is 


negative. As exp cted. Nusselt number decreases for sink tha source at both the 
e -0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 
plates. 
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Figure 1 : Velocity distribution 
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Figure 2 : Temperature distribution plotted against y for different values of M, K, h,, b, a, Ry. 
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Figure 3 : Skin fraction at lower plate plotted against K for different values of M, Re, t & b 
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Figure 4 : Skin friction at upper plate plotted against K for different values of M, Re, t & h,- 
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"igure 5: Nusselt no. Na) at lower plate plotted against t for different values of K, a & Pr. . 
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CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


31 


(2] 


[10] 
[11] 


[12] 


[13] 


[14] 


[15] 


REFERENCES 


H.A. Attia and NA Kotb, MHD flow between two parallel plates with heat transfer, Acta Mech, 
117 (1996) 215-220. 

H.A. Attia, Hall current effects on the velocity and temperature fields of an unsteady Hartmann 
flow Candian Jounral of Physics., (1998), 739-746. 

R. Bhargava, L. Kumar and H.S. Takhar, Numerical solution of free convection MHD micropolar 
fluid flow between two parallel porous vertical plates, International Journal of Engineering 
Science, 41(2) (2003), 123-136. 

J.L. Bansal, Viscous Fluid Dynamics, OXFORD and IBH publishing company (2004). 


N.C. Jain and J.L. Bansal, Couette flow with transpiration cooling when the viscosity of the fluid 
depends on temperature, Proc. Ind. Acad. Sci., 77(A)(4) (1973), 184-200. 


A.K. Johri and J.S. Sharma, MHD fluctuating flow of Maxwell viscoelastic fluid past a porous plate 
in slip flow regime, Acta Cinecia Indica, 5 (1979), 101. 


N.C. Jain, Viscoelastic flow past an infinite plate in slip flow regime with constant heat flux, The 
Mathematics Education, 24 (1990), p.3. 


S. Jothimani and S.P Anjali Devi, MHD Couette flow with heat and slip flow effects in an inclined 
chanel, Indian J. Math., 43(1), (2001), 47 


VM. Soundalgekur and R.N. Arnake, free convection effects on the oscillation flow of an electrically 
conducting rarefied gas over an infinite vertical plate with constant suction, Appl. Sce. Res., 94 
(1978), 49. 


H. Schlichting, K. Gersten, Boundary Layer Theory, Springer Verlage Berlin (1999). 


K.D. Singh, An oscillatory hydromagnetic coquette flow in rotating system, ZAMP 80 (2000), 
429-432. 


PR. Sharma and U. Mishra, Pulsatile MHD flow and heat transfer through a porous channel, Bull. 
Pure and Appl. Sciences, 21E(1), (2002), 93-100. 

PR. Sharma R.P Sharma, U. Mishra and N. Kumar, Unsteady flow and heat transfer of a viscous 
incompressible fluid between parallel porous plates with heat source/sink, Applied Science 
Per 'ndical, 6 (2) (2004). 

K.C. Sarangi, VK. Sharma, Unsteady MHD flow and heat transfer of a viscous incompressible, 


fluid through a porous medium of variable permeability bounded by two parallel porous plates 
with heat source/sink, Ganita Sandesh, 19(2) (2005), 179-188. 


J.T. Yen and C.C. Chang, Magneto hy 


drodynamics Couette fl all electrical 
condition, ZAMP, 15 (1964), 400-407. ette flow as affected by w 


CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


EMEN 0 lI  ——— 


ble, 
ates 


ical 


33 
Jnanabha, Vol. 38, 2008 


REDUCIBILITY OF THE QUARDUPLE HYPERGEOMETRIC 
FUNCTIONS OF EXTON 
By 
B. Khan 
Department of Basic Sciences 
Hamelmalo Agricultural College, Keran PO. Box 397, Eritrea. 
e-mail : bk_warsi@rediffmail.com 


M. Kamarujjama 
Department of Mathematics 
Yanbu University College, Royal Commission of Yanbu, PO. Box 31387, Yanbu 
Al-Sinayah Kingdom of Saudi Arabia 
e-mail:mdkamarujjama@rediffmail.com 
and 
Nassem A. Khan 
Department of Applied Mathematics, Z.H. College of Engineering and 
Technology, Aligarh Muslim University, Aligarh-202002, India 
e-mail:naseemamr009@yahoo.co.in 


(Received : February 05, 2008) 


ABSTRACT 
Some reducible cases of the quadruple hypergeometric functions KK, and 
K, of Exton are obtained. Our main results transform a quardruple function into 
Kampé de Fériet's double or Srivastava's triple hypergeometric F3) functions or 
their combinations. Many reduction formulae involving Saran's functions Eg, Ep 


Lauricella's function FÉ), Kampé de Fériet's function F41, generalized 


hypergeometric series ,F, and Appell's function F4 are obtained. It is shown that 


Exton's result [7] and [8] are not correct. 
obtained as special cases of our main reduction formulae. 


2000 Mathematics Subject Classification : 33C70. 
Keywords : Generalized hypergeometric functions, Kmapé de Fériet's & Appell's 
functions, Quadruple hypergeometric functions, and Lauricella's function. 

1. Introduction. In the year 1972, Exton [6]] defined and examined a few 
properties of quadruple hypergeometric functions. In his notations K}, K, and Kg 


are given by [8;p.78] 
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These results in their correct forms are 
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e (e) ceret) Sommet edes x" lisa I 
, ; Ls 0 3t = | 
Kila,a,a,ab,b,b,c1d,e,f,d:x,y,2,t) m (org (e), (f Do mini pig aim ME 
N (a lb Rnept Bu Ie ), x" y"zPt Di i 
;d,e,f,gix,y,z,tl- 
K,|a,a,a,a;b,b,b,c;d,e,f, 85%, | SS, (a), (e JONES (1.2) 
and 
= (e) rere (b), lel, RUT i 
Ekasahäecdasänazit Z. (d),,.., (e)... mn! pla) (1.3) 
respectively, where 
V 
 T(a  k) 
(a), = T (o) 5 


The convergence of the series K,, K, and K are investigated by Exton, by mean of 1 
the general theory obtained in (8, p. 65(2.9)]. 
In this paper, various reducible cases of the functions K}, Ka and K, are 
obtained. Our results transform a function of four variables into a double or triple 
series or their combinations. The main insterst of the result obtained in Section 2 


is that the series of Lauricella's SI) is tranformed into a combinations of Kampé ` 
de Fériet's functions. In Section 3 a reduction of Fp in terms of generalized S 


hypergeometric series ,F, is given. In Section 4 a reduction of Kg into 4 


combination of four Fs is obtained which further gives a transformation of ` ; 
Saran's Fp into a combination of two Kampé de Fériet's functions. 

In a paper of Exton [7, p. 66(3.2)], the reduction formula for Saran's function x 
Ep [11] is given in the form 


€9- C34 Co C3 —1 1 
Epla,a,0:by 2,501 ,02,c352,y, y] - Fass gi b, A, B; NO AS 2 UGG ES v x,4y , (1.4) 
=% bo, A, Bea, ar C3 -1l; 
where as in a recent book of Exton [8, pec (4.7.8)], the reduction of Be is given by ^ 
2 fi 


C9 + C3 eese 
Fla, a,a;b,, by by 3C} ,Co,C33x, y IE 0:5,A,B;b,,7— 9 2 ;x,4y |, (1.5) a 
3 : *i 


bs, A, B; 64,03, C5 + C3 -1; 


where IN is Kampé de Fériet's function in named notation of Burchnall and 7 
S [2;p. TE gp an gi qua Mom idwar. and (155), Aen. d B Ara arbitrari | 


(1.1) 


(1.2) 
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parameters in which numerator parameters are cancelled by denominator 
parameters A and B. 

It is to be noted that (1.4) and (1.5) are incorrect. In fact, their correct form 
is obtained in Section 2 and follows as a special case of our reduction formula of 
K 

2. Reducibility of K,-Function. From (1.1), we have 


K,|a,a,a,a;b,b,b,c;d,e,f,d;x,y,2z,t]= » (a), NONG Az 
m,q=0 SC 


F,|a «m * q;b* m;ef;y,z], (2.1) 
where F', is Appell's function of fourth kind [1,p.14(14)]. 
Putting z=y in (2.1) and using a result of Burchnall (3: p.101 (37)], we get 


2e C pee (o) ele nce 
K,|a,a,a,a;b,b,b,c;d,e,f,d;x,y,y,t]= A —— À ———À —— 
1 | D (d), ,, , m!q! 


atmtg,btm, LEN 


2 
e,f,e+f- 1 


where ,F, is generalized hypergeometric function [10; p. 73(2)]. Now expressing 
4F4 in power series form and interpreting the result in the form of Srivastava 
function F®) (12: p.428], we get 


,F, (2.2) 


DER SE e+f- le. 
K,[a,a,a,a;b,b,b,c;d,e,f,d;x,y,7,t]= SEH —“— Hy "9 2 ':,4*,t (93) 
CES IUS dine 1, LE 
when t—0 or c=0, (2.3) reduces to 
S nf etf -1, 
Fe a;b,e, fx, y, y]- Fees | 5 9° 2 'xAy, (2.4) 
pro ant 1 


where Fe and MS 2 are Lauricella [9,p.114] and Kampé de Fériet [14;p.23 (1.2)] 


functions, respectively. : 
When x—0 in (2.3), we get the following correct form of the reduction formula (1.4) 


and (1.5) of Exton [8,p. 134 (4.7.8)], for Saran's function Fg [11]. 


ABC: e+ e+f em 
Pla. a,a;c,b,b;d,e pone put Hanan, An ee TM e (2.5) 
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Setting ; =e, z--y and t—x in (2.1) and using a result of Srivastava [13; p.296 (9) 
we get 


2 (a (Om (Clg? 
K,|a,a,a,0;b,b,b,¢;d,e,e,d;x,y,-,2] = » TT s 


m,q-0 Ld l , m!g! 


amq atmtgtl b«m b+m+1 


D DN ; 2 
AF3) e 2 "e 2 ad Jc yc ...(2.6) 
2 2 


Now expressing ,F, in power series form and using a result [10;p. 22(lemma 5)], 
we get 


E,[a,a,0,0;6,b,b,c;d,e,e,d;x,y,-y, x] 


a 2p 
ok, Dan 1 } F |a 4 2n;b 4 2n,c;d;x, x] ...(2.7) 
(e), lel. n! ; 


n=0 


where F} is Appell's function of first kind [1;p. 14 (11)]. 

Again, using a result [5; p. 239(11) for F; in (2.7), and a result of Carlson [4; 
p. 234(10)] for the resulting Gauss function P, [10, p. 45 (1), we get the following 
reduction of K, into a combination of two Kampé de Fériet's functions. 


Ki [a,a,a,0;b,b,b,c;d,e,e,d;x, y,-y,x] 


aatlate DECEM b b+1 
TI 2:2 2" Lp 


2 Dae 2 a(b+c)x 
ood dil e e+1 bec breti ~ EE d 
9707 9 3 "9? 9 3 9 H 9 3 
a+l a+2 b+c+1 btc+2 b bl 
mu » ^9 UU UE UEM M M 
“703,5 ..9 dil d+2 e e+1 b+c buet? cÉ) (28) 


when c=.) in (2.5), we get 


Fa, b; d, e,e; 2,,-y] 


aat+tl b bil | 
Eo ar EE 2|, abx 
2 -cdo Ly banag db E S n Initiative 
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a+l a+2 b+1 DES i 
G Ee UNO 2 


H 


_ p400) 2 ' 2 
See 3 d*ld*2 < etui?) (2.9) 
- EN 9 3 9 , "oi 2 3 
3. Reducibility of K, Function. Writing (1.2) in the form 
. o b Pe 
K5|a,a,a,a;b,b,b,c;d,e, f ,g;x, y, z,t]- > Kallek" 
P,q=0 (F), (a), p!g! 
F,[a + p+q;b+ p;d,e;x,y] j ...(8.1) 
Putting y=x in (3.1) and using [3; p. 101(37)], we get 

K,a,a,a,a;b,b,b,¢;d,e, f ,g;x, x, 2,t] 

Mae dre d+e-1 Ke 
= F3) oe Os ~ 2 , 2 7) "4x, zt d (3.2) 

-isc-:d,e,d+er+l,f;g; 


Setting. z=-x and f=d in (3.1) and using a result of Srivastava (13: p. 296 (9)], we 
get 


2 (3,0), (0),»"t* 


:b,b,b, ;d, d. 3X, s Xb = AE 
Kola,a,a,a c;d,e,d,g;x,y IE data 


atn+q a+n+q+l btn b+nil, 
D H 2 J 2 a 2 
x4 F3 m dal, sax" | 2:(8:8) 


2 
d , 
DAS 9 
Now expanding ,F3 into series form and using [10; p. 22 (Lemma 5)], we get 


Kolaa,a,asb,b,b,c1d,e,d, 8:2, 7t] 


2 
(2) om (b)om C x r F, [a + 2m;b + 2m, e eent (3.4) 
Zn Am (d), m! 
is Appell's function of second kind [1; p. 14(12)]. Putting g=c in (3.4), 
;p.238(2)] together with a result of Carlson [4;p.234 (10)], 


Il 
Ms 


where F5 

making use of a result [5 

we get 
K.[o,2,2,2;bb,5,6d,e d.i t] 
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=) ue TD 2x y 
-a m4:0,0 DEED a 2 | renes F^ 
- (1-0) Fo33 chee eel. E Fe 
EN 2 9 9” 9 2 
a+l a+2 b+1 W 2. 2 
EUER a 
Ay 0:3,3 SE d+1 3 e+1 e+ 1-t 1-t ...(3.5) 


3 3 a a 


When y=0, (3.5) yields a reduction Fe into ¿F3 in the form 
a b 
SE E 
F4 [a,a,a;6,5,5,c,d,d;t,x,-x] =(1-t IG Ab: 2’ 27 SE (==) . ...(9.6) 
2 
4. Reducibility of K,- Function. Expressing (1.3) in the form 


K,|a,a,a,a;b,b,c,c;d,e,e,d;x,y,z,t] 


= Se m*q O Ee 


Bee format merana) (4.1) 
m,q- mag" 


Putting z= y in (4.1) and using (5: p. 239 (11)], we get a reduction formula of K,into 
Fin the form 


; — sit) a,b +c :: ——-:5;-c 
K,[a,a,a,a;b,b,c,c;d,e,e,d;x, y, y,t] zi Hum. ane ME t |...(4.2) 
When £—0, (4.2) reduces to 
0| dD 6;5;— 
Fr |a,a,a;5,c,5;d,e,e;x, y, y] zc MM 0.3) 


where Fr is another Saran's funetion[11]. 

Furthermore for d—b,(4.3) reduces to a reduction formula of Ep into p,n 
the form 

Fy [a,a,a;b,c,b;b,e,e;x, y, y] = F; [a;b + cb + €,6;x, y] i NC 
Again, writing 


K;[a,a,a,a;b,b,c,c;a -b SC l,e,e,a — b — CH Laess) 
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Il, (5), (c), y^ z^ 
= pd ed UNBAN DIEN EST 
ML OI, dual Kle*nepbemerpa-b-eshzz] (4.5) 
and making use of [5, p. 239(11)] and Goursat's quadratic transformation [5, p. 
113(34)], we have 


K ,[a,a,a,a;5,6,c,c;a - b - c L leje,a-—b-c+ 1,x, y,2,x] 


n p 
y z 
ee (op Oh On | (Fe) a+n+p awntp4l "m 
- (px Ex Mi 02 7 2 sl 
n,p=0 (e), n! p! a-b-c-l; (1+ x) 
(4.6) 
Now using a double series identity of Srivastava [15; p. 196 (23)] 
Y. Aln, pl >, Al2n,2p)+ V AQn«12p) 
n,p=0 n,p=0 n,p=0 
3E S A(2n,2p+1)+ X A(2n+12p +1) (4.7) 
n,p=0 n,p=0 


n (4.6), we get a reduction of K, in terms of combination of four F@)'s in the form 


K,[a,a,a,a3b,b,c,c;a—b-c+Le,e,a—b-c+1;x,y,2,] 


G asil ee a e esed K 3 
AR denah AN Ce Us? Ax y z 
1 o2 2 oi 9» 9 ( | | ) 
Tu 2 e exl, MV, (1+)? l+x l+x 
"097 2 U 7979” 
orl oi? b*15*2 c c+] À ` 
ay ge aco H t» PT 
DE etl e+2 A oes (1 xY 14x l+x 
L 3 9 , 2 3 9 
orl at2 b b+1 c+1 ct2 3 
" acz (3) 2 , 2 EN 2 , 2 D 2 , Ax | y ) | Z ) 
(Le xe etl e*2, ipe (l+x)°\1+x l+x 
d 3 9 3 9 3 "oo" 
a*2a*8,  , b*lb*2 c+1 c+2, i d 
afa+l)beye ul (2) fa 
“Cee + 33 
ele UD La ai adain (Iwa) tx) tx 
...(4.8) 


et a reduction for Saran function Fp involving the 


Wh =0i 
en y=0 in 4-8), eS el SIE ion, dies OH Rangan Initiative 


combination of the two 
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Fy |a,a,a;c,5,c;a -b-c- La-b-c41;2,2,x] 


@atl c ctl 3 
=U + X 01,3 e e+ (14 xf 14x 
E "way 

atlat2 c ctl 1 
^ acz p202 Qr E a Oe e 4x E 
elt sf 79 :a—b piu EA HIR l+x - (4.9) 

2 2 2 
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ABSTRACT 

In this paper, we have proved common fixed point of the modified Ishikawa 
iterative sequences with errors for two (L,a) uniform Lipschitz asymptotically 
quasi nonexpansive mappings in a unifromly convex Banach space. Our result 
extends and improves the corresponding result of Khan and Takahashi [1], Tan 
and Xu [5] and many others. 
2000 Mathematics Subject Classification : 47H10. 
Keywords : Asymptotically quasi nonexpansive mapping, common fixed point, 
(L,x) uniform Lipschitz mapping, the modified Ishikawa iteration scheme with 
errors, uniformly convex Banach space. 

1. Introduction and Preliminaries. Let C be a subset of a normed space 
E, and let T be a self mapping of C. The mapping T is said to be an asymptotically 


nonexpansive mapping, if there exists a sequence {k,} in (0,0) with lim k, =0 
such that 
Tx Ty) < (1+ ka E 


for all x,y eC and n 2 1. 
The mapping T is said to be an asymptotically quasi nonexpansive mapping, 


if there exists a sequence (&,) in (0,00) with lim kn =0 and F(T)«6 such that 
W" = d «€ (L+ k, jlx- p] 


for all x, y eC, for all pe F(T) and n21- 
It there are constant L>0 and a>0, such that 


a 
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for all x,yeC and nech then T is (L,a) uniform Lipschitz. 

In 1994, Tan and Xu [5] had proved the problem on convergence of Ishikawa 
iteration for asymtotically nonexpansive mapping on a compact convex subset of 
a uniformly convex Banach space. In 2001, Qihou [2], presents the necessary and 
sufficient conditions for the Ishikawa iteration of asymptotically quasi- 
nonexpansive mapping with an error member on a Banach space converging to a 
fixed point. Again in 2002, the same author has proved the convergence of Ishikawa 
iteration of a (L,a) unifrom Lischitz asymptotically quasi nonexpansive mapping 
with an error member on a compact convex subset of a uniformly convex Banach 
space based on some results of [2]. 

Recently, Khan and Takahashi [1] considered the problems of approximating 
common fixed point of two asymptotically nonexpansive self mappings S and T of 
C through weak and strong convergence of the iterative sequence {x,} defined by 


et 


= à n 
Xn+l = (1- a, x, ta, Yn» KEN 


Yn = (l-b, bie nzl (A) 
| where (a,) and (5,) are some sequences in [0,1]. 
Motivated and inspired by Khan and Takahashi [1] and others we study the 


following iteration scheme: Let C be a nonempty subset of a Banach space E and 
S,T:C>C be two asymptotically quasi nonexpansive mappings. Consider the 
following iterative sequence (x,) with errors defined by 


X9 € C 
Anil = ApXn + RS, tenun, 
Yn dubu +b,T" x, * C U,, 6 


where u.,v RB LIEB US 
Da € C, Vn e C0 € a, ,b, ,c,a, b, ,C,, <1, a,b, tc, =1l=a,+b,+¢n, for 


ne, en «to, DA ade: 

In this paper, we have proved convergence of common fixed point of modified 
dns iteration scheme with errors of (L,o) uniform Lipschitz asymptotically 
quasi nonexpansive mappings on a compact convex subset of a uniformly conve* 
Banach space. Our result extends and improves the corresponding result of Tan 
and Xu [5], Khan and Takahashi [1] and many others. 

We need to following result and lemmas to prove our main result: 


Theorem LQ [2, Theprem.8d.Letolicbe, aanoneraptenciosedaconvex subset of 4 


tas M 


M 


vd gë "Sa Re 


43 
Banach space, T is an asymptotically quasi-nonexpansive mapping on E. and F(T) 


nonempty. Given $7 iu, «to, Vx, € E , defined {x 


UE 185 


n 
Intl = GnXg +o; Jt Yn * €um 


n? 


RH = EE DET +¢,l,,vneN, 


n? 


where m,, l € E, and dE 1. 2a are bounded, a, tb, «c, 21-28, + 


b, +€,,0<a,,b best, Then fest, converges to some fixed point p of 


Din? Cn; An, WRT 


T if and only if there exists some infinite subsequence in, eo of ix, | which 


n=l 
converges to p. 
Lemma 1.1 [J.Schu's Lemma]: Let X be a uniformly convex Banach space, 


O<as<t, <ßB<1, Xp Ja € X, lim sup|x, | < a, lim suply,,| sa, and 
NAH an 


ipo => 


lim |t, x, ar (1 -tn Yall =a, a20 1 Then lim||x, z Ynl =0 
n» n 


Ke 


Lemma 1.2 [2, Lemma 2] : Let nonnegative series las P Bri nds; Satisfy 


a, (Lt Bo Jap *y,, Vne N, and $7 |, «too, 3 in <+; then lima, exits. 


nu 


Lemma 1.3: Let C be a nonempty convex subset of normed space E, S,T: CC are 


two asymptotically quasi nonexpansive mappings, and F-F(S)(]F(T) nonempty, 
pa « +0, for all x, € C , let 
n-l k, , 


n 
aal = Ann * 5,5 Yn Cun: 
Yn = 0X, +b,T"%, TOU, 

where u,v, eC, Vn e CO < Ge D Geogr be <1, a, tb, +¢, «1-4, +b, 


+2, for all ne N.S KO) para < t. Then 


a) kg: (+h, lx, - p|+m,,Vne N,vpeF - F(SN F(T), 


where m, — b, (1-- k, Eh, x: d tC, lu, n p| 5 
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(b) There exists a constant M>0 such that zen — pl < M |x, = »| 


oom yn,m € N,Yp € F =F(S)N F(T). 


k=n 


Proof of (a) For any peF, we have from (B) 


| 


SS Sch, 7 p| 


w D| <a,|x, - P| 


u, — HI o 


Sa, le, - p+ 5. (1L 5, y, - 


and 


ly.-p) <an- pl p| +z, |, - Pl 


p+ b, (L+ k, lle, — pll + e. ]v. — Pl 


EE 
From (1) and (2), we have 


on — PI 2 


Enn - p] < anllen = p]; ser, Ba (1+ He, - p] + Enon - pl] cn en = zl 

<a, [eq - Plt bn (iss — p] brbn (1+ Rn) [een = p] 

+ Dna (L+ kn Jon = p] e cultas = pl 
<a,|x, -p+ (17a, - e, X1. kn a, lan - p|+(1-a, -c,) 

ball kn flen- p|+m,, 
sanken ji-a fret e le, lte Et, is, - p] ems 
Sanken HR-HR, Pale, n] -an BD R He, lem, 
Sant Hn) kan glate, Ba, DE, +8, Je, dl, 
<an (l+ kn) LT (L- a, Le, D ptm, 


< (L+ kn) len - p| +m, 


where n.., =b,¢, 1+k ka Jv x: 
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Proof of (b) Since 1.4 « o* for all x » 9. Therefore from (a) it can be obtained 


that 

lra ~ Pl s (L+ unim) [enm - P+ Maim- 
EE B+ Mny- 
< ete eg - p| e etm tma 


< elle tne PA - p| + guns (po M) 
< 


n+m-1 


se Me, pp PET Sm, 
k=n 


n+m-l 


< Mlx, - p|* m 2m 


E m 
where Mze 2 PLA : 


This completes the proof of (b). 

2. Main Result. 
Theorem 2.1 : Let C be a nonempty compact subset of uniformly convex Banach 
space X, and S,T:C->C be two (L,a) uniform Lipschitz asymptotically quasi 


nonexpansive mappings with sequence (A, )€10,00) such that Y sk «to. Let 


V,, €C , and 
Xn+1 = Haha +b S y, T Goin: 
Mn = Gg LRT, Aën 
where x, 0. eC,vneC,0 <d boia an Once <1, Ap TD +Cn =n +b, +¢, =1, 
lim 5, =0, 


0<aK<a, «a«10«osa,0«px5, «B «15, <B<1VneN, eo 

DEC <a SA on enm EF F(S)NF(T)#$. Then fx, | ;., converges to some 
- s 

common fixed point p of S and T. 

Proof. For any peF, we have from Lemma 1.3(a) 
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bk. K p| < D T kn Y le 7: p| + Mp» 
where My = Dp, (1+ Ry Jun T LE - p. Since aie Saver be < to, 


Y ie, «19 Cis bounded, thus we know from Lemma 1.2 that lim |x, — d exists. 


On the other hand, we have 


Ibn Ge pl S à, x, x p| + b, des = d * eh, e pl 


s an |x, * p| ar b, D * kn lr, r3 p| * € lv, = p| 
Thus 


limsup]y, - p| < limsup]z, - pl) = lim læn- Pll 
NAN no 


Note that 
limsup|S" y, — d <limsup(1+k, Jl» - pI < lim |en - p]. 
no no 
and 


lim|x,, -p| < imla xn, + BART, * cuu, — d 
IU n>! 


= lim 


nn 


€ 3 e 
le coda DE ip = Bt GA BEI) 


= Dol, - p]. 


Thus from J. Schu's Lemma, we have 


lim |x, - S^ Cni. Cn all 
ED n Je 2b, e d 0 5 
Note that lim || Za. Da a 
ote tha ralz 2b, Je 2 0. 
Therefore we have 
limas - S^y,|-0 , (3) 
nu j 
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Since C is compact, the sequence {x,}” , has a convergent subsequence fen 2 3 


Let 
ee 4) 
Thus from (3) and lim c, =0, we have 
Xn, +1 "En, = An, Xn, Tb, 8 Yn, tCn, Un, — Xn, 
= fa TU Gy: ken, +b, S W Geer 
sb, |97 Yn, “An |+ Cn, én, | 0 as bas) (5) 
Note that 
lim bn =0, lim Z, = 0; 
nv» nn 
therefore, we have 
lys -x,| 7n, + b T" x, BUG Ta 
- e ==, hep +b, T” x, C, Us — X, 
«€ b, T" x, -x, t En ]vs x] > 0 as n o (6) 
Thus from (3) and (4), we have 
lim S™ y, = p. (7) 
k= " 
Thus lim zi =P. Similary, DRS =P and 
lim Sr oil = 12 (8) 
ko : e 
Now 
n = -T"y,|0 as n o. (9) 
TO zl, zb Yn Yn 
Therefore from (4) and (9), we have 
a lim fra, = p. an 
1 kb x 
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R = i lim x =p so 
Thus p Xn,+1 D and since nne 
Ge 


lim T^^!y, 41 = P (11) 


hk 


From (3) - (8), we have 


Ip- 9s ]e- 5" "va x 


n,*l ntl 
S Xn +l -5 Xn, 


41 n, +1 
S ` Yn,+1 = 5 Xn, +1 


1 1 
+ SS “Si: Eya S Yn, SEN 


i 


a 


+L 


Yn,+1 nil tL i + Lx, = ips 


n,*l 
<|p-S * Yn 


Inl Yn, 


+L 


Sg. = pl — 0 as h—»oo 
Similarly we can show that 
|p-Tp|>0 as kb c. 


D 


Thus p is a common fixed point of S and T. Since the subsequence ben, jp , of e 


converges to p from (4), we have lim x, =peF=F (s)n F (T) from Theorem LQ. 


This completes the proof. 


Remark 2.2 . Theorem 2.1 improves and extends the corresponding result of Khan 
and Takahashi [1] in several aspects. 


Remark 2.3 . Theorem 2.1 also extends the corresponding result of Tan and Xu 


[5] to the case of more general class of asymptotically nonexpansive mapping” 
Remark 2.4 . Theorem 2.1 also generalizes the result of Qihou [3]. 
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ABSTRACT 
Special, union and hypersymptotic curves of a Riemannian hypersurface 
have been studied by Singh (3). The object of this paper is to investigate these 


curves in a Kaehlerian hypersurface. 
2000 Mathematics Subject Classification : Primary 55H38; Secondary 58H32 
Keywords: Hypersymptotic curves, Riemannian hypersurface, Kaehlerian 


hypersurface. 
1. Introduction. In an (n--1) dimensional real space E, ,, referred to an 


allowable co-ordinate system, 


1 
x* ell Af, ) 


Let us introduce the metric defined by the positive Hermitian form 


ds? = 2g, dx" dx. HO) 
If the tensor Zep also satisfies the Kaehler's condition 
neue | (12) 


GU aP 
then the space with metric satisfying the condition ( 
We always assume the self adjointness of the indices [2]. 
The angle o between two self adjoint vector u and v, whose components 


1.2) is called Kaehler space. 


are Stand gs is given by 


ENS (1.3) 


RS 
Let us consider an analytic hypersurface K, of Kn +1: > 
If ui =(ul,u2,..„u”) denote the co-ordinates of a point in 


analytic hypersurface K, may be written in the form 


cos0 = 


K,, the equations of the 


(1.4) 


x =x" (ui Yco. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


(—^——^—^^^A€^-^A^A^A^A^A^-^-—-»—»-»—-———— 
- —— 


—————— . 


50 
ome fundamental formulae form [4] which will be used in 


We qnote below s 
is the fundamental metric tensor of 


the later part of this paper. Suppose that 8;; 


K,,, then we have " 
gj = Bop; Bj, SM , 
a E ax? 
where By = DÀ NUI P 
If N* be the component of unit normal vector to the hypersurface, then 
b 
2g,,N*N* -1 Batz 
and EN“ B! 50, Zap N B; =0 (LM) 
a 
The uni vector £“ orthogonal to is given by 
, 
dx^ Lp , 
Se (1.8) a 
Sap ds E 
t] 
and Dg EC =i, E09 k 


Consider a curve C : x* = x* (s) of K,. 


D 


d L 
The components and eU. of the unit tangent vector of real space, w 


ds ds 

w.r.t. the 2nveloping space and the hypersurface are related by E 

dx“ _ pa dul (1.10) 

ds  ' ds D 
If q“ and P are the components of the first curvature vector w.rt. Koi and K, 
respectively, then 

: : ar 

Cop BP +K, N”, „(1.10 
where K, is the component of the normal curvature of K, in the direction of the [5 
curve C and 

q*- de du da” 1 du du’ du a1 (a 


NA pi Sy EN. 
ds ds ds ds ds ds 
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pace, 


1.10) 
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1.10) 
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Q; are the components of the second fundamental tensors of the 


hypersurface, q^ and p! are the components of first curvature vector of the curve 


with respect K,,; and K, respectively 
2. Special and Union Curves in K,,. Let an n-dimensional hypersurface 
K, given by equation 


y“ =y" (r)a =1,2....n+1,i=1,2,...n) 


be immersed in a Kaehlerian space K, , ,. 
The first two Frenet's formulae of a curve x'=x! (S) are given by 


anti 


5s 


on 
8s 


) a a a 
= kay) and = kan) + Ano (2.1) 


y 
where "(= Z lo are components of the unit tangent, principal normal 


and first binormal vector and Eu, and ba are the first and second curvatures of 
the curves. The components o" and p of the first curvature vector w.r.t. K,,, and 
K, are related by 

q* = p'B? - ENT, AGB 


a 
where, B? = dy z, Ns are the components of unit normal vector and K, is the 


normal curvature of the hypersurface in the direction of the curve. 


Consider two congruence of the curve given by the unit ventor field 4 and 


H which are such that the point of K,, we have 


Ap =r'BS A ONT ...(2.3a) 


and u“ 2s! B? 4 DNS. ...(2.3b) 


The special KA and union curves relative to A have been defined by Tsagas 


[5] and Springer [4] respectively. 
Let r bea KA curve relative to congruence A and a union curve relative 


to the congruence H. then 


: i i i Tina ...(2.4a) 
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AT = up 


eee eee 


Bag à 
and Tana yd > | ...(2.4b) 
Using (2.2), (2.3) and (2.4), we get 
ri - (v w)p', C -wK,; ...(2.5) 
sl E D 2 yK, ...(2.6) 
ds 


Defining Rear 
Sz gys si, hi) = gjD P, 


gr S 
RS 


and using equation (2.5) and (2.6), we have 


K,Scos0 Dn, This equation and the facts 


cas0 = 


IEEE SED Giel 
Ki = bis Ka (2.1) 
12 
eK -S KS cos o 
yields K,- al 1 EE 23 


T >.> M2 and 
(E Si sief" and Kan " m Si n20)? 
where, e=1 or -1 in order that ecos be non-negative. Since S and cos@ depend 


upon the congruence X and H, we have the following propositions from equation 
(2.8): 


Theorem 2.1. If a special curve relative to a fixed congruence A is an union curve 


v 
relative to another fixed congruence H: then the normal and first curvature (war 
K,) at a given point of the curve are proportional to its first curvature (want 
enveloping space). 

b 


Th 

eorem 2.2. If the component of the vector fields 4 and p, tangent to p. t 
hypersui tace are in the same direction, then the ratio of the two first curvature 

equa! to magnitude oé the tangentiakdiaithevypexsunéaide)iaemponent H. 
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tb) from (2.8), we have 
Gay Ka) S 
i 3. Hyperasymptotic Curves A hyperasymptotic curve (of order one) 
| related to H is characterized by Mishra ([1], [3]) 
2.6) H“ = xajn(o + Yami): Fe), 
From the first two Frenet's formulae (refer equation(2.1)), we deduce 
ôq“ a d a a 
3s --Kini* [log bula + Kay Keng) . 2:(8.2) 
(2.2) and the 
relations (Mishra [2]). 
9B? dei ôN“ ij pa dx* 
.Ta) 
a 
Tb This later expression for s and (3.1), (3.2) may be used in the elimination 
S 
of n&). In view of these equations and equations (2.2), (2.3b), we get 
(2.8) 
i i ET dx' 
i dx Sp’ 3 jg dx. id fo K He Key 
val RI" Z SI + dÉ os = Kr ÊQ rE E p A g w) (1) ds DEEN 
tion Gee al d 
m pt LK -K,, log Kay) (3.4) 
2-20; F SEE o zt g w) ( 
urve 
where 7 — 20 
eil KoKo) 
erh 


Let &,&(j biar be the unit tangent, unit principal normal, unit first 


be the first and second curvature of the curve w.r.t. 


binormal vectors and Kan kg 
the (1)? (2) s formulae w.r.t. K, yield 


the hypersurface. The first two Frenet' 


tkp ole > ...(3.5) 


) 
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(o) 


2 Seen le 


Proof. Since r! and s! are along the same direction cos H = 1 and sing < 0. Therefore, 


j——— 
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From equations (2.Tb), (3.3), (3.4), (3.5) and the definition 


gys (dx? /ds) 


cc80 = S 


we deduce xu) = Scosó and 


dx! jd ka) i SH 
= de E tp Sea Su SH + Rayk2)§(2) - -K HORT —— }...(3.6) 


Theorem. 3.1. A hyperasymptotic curve relative to } is characterized by equation 
(3.6). 
proof : Multiplying (3.6) by ei p' and simplifying, we have 


; del d d K 
Qj; p! ——(Scosd+ DK, /k log —D- IL K ey n 
iP “Ts ( 9 mE E Ws EE JS T og Im 


3 


pst 
where we have defined cost = Sy 
EuB 


4. Hyperasymptotic and Special Curves. Let a hyperasymptotic curve 


w.r.t.t be a special curve related to X. This implies that -0. Denoting X = E 


(1) 


and Y = K,/ Kp) writing p= KRI and ddifferentiating the well known identily 
X? +Y? =1, we get 


dX dY 

D ds |. COSC aa di co A (XS cos0 4 DY), WC 
dX dY | E 

Ioa ae WH 


We shall discyessthersolatiancofitheciboveeemrattaiieiós equations in HE 


.6) 
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fc'lowing cases: 


zi à dx 
Case 1. The vector Zu is not conjugate w.r.t. za 


s ME ee 
ie OE ANA N and the 
matrix 
"m: L - S cos C 
NC 
is non-singular. Equation (4.1) and (4.2) yield 


dX i ds? dY i ds? 
A [mito re e rts e 


The quantities x E and Y = KI Ki) are obtained as solution of the 


above simultaneous equations. 


i dx , 
Case 2. Let E be conjugate wr.t. ps and the matrix A be non-singular. Equation 
s 


(4.1) and (4.2) have a unique solution given by the following 
Theorem 4.1. If a special curve related to 4 isa hyperasymptotic curve relative 


to u and the conditions mentioned above (in case 2) are satisfied, then the ratios 


Kal Ku and K,,/Kq) are the same at each point of the curve. 


Case 3. The condition stated in casel and 2 are not satisfied, i.e., the matrix À is 


x J 
singular, Quel S may or may not be zero. 


We have DK, + kq)Scos® = 0, which in view of (2.7) yields the following 


Theorem 4.2. If a K, curve is hyperasymptotic relative to H and the condition 


mentioned in case 1 and 2 are not satisfied, then 


(4.3) 


KS oe 
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Comparing (4.3) and (2.8), we have the following 


Theorem 4.3. If two special curves r and p relative to A are respectively the 


union and hyperasymptotic curves relative to another congruence H and the 


conditions stated in case 1 and 2 are not satisfied, then the modulus of the normal 


curvature in the direction of r is equal to the first curvature of p and the first 


curvature of p is equal to the modulus of the normal curvature of p . 


REFERENCE 


[1] R.S. Mishra , A Course in Tensor with Appllication to Riemannian Geometry, Pothishala Private 
Limited (1965). 

(2) R.S. Mishra , Hyperasymptotic curveson a Riemannian hyper-surface, Math. Student, 20, (1952), 
63-65. 

(3) U.E Singh, Onsheeial union and hyherasymptatic curves is Riemannian spaces, Tensor(N.S.), 22 
(1971), 15-18. 

[4] C. Springer, Union curves of a hypersurface, Can J. ‘Math, 2 (1950), 457-460. 


[5] G.Tsagas, Special curves of a hypersurface of Riemannian space, Tensor, N.S., 20, (1969), 88-90. 


CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


0. 


57 
Jnanabha, Vol. 38, 2008 


MEROMORPHIC UNIVALINT FUNCTIONS WITH ALLTERNATING 
COEEFICIENTS 
By 
K.K. Dixit and Indu Bala Mishra 
Department of Mathematics, 
Janta College, Bakewar, Etawah-206124, Uttar Pradesh, India 
Emaial : dr-indubalamishra@yahoo.com 
(Received : March 8, 2008) 


ABSTRACT 


a = n-l 
Let T,, (A,B,z,) denote the subclass of functions f(z)- 2 GU eo 


n-l 


(a>1,a, 2 0) regular and univalent in the disk D= (2:0 «|a < 1] with a simple 


qi. | 

2 «1zeD ' T 

pole at z=0 the conditions As Bz fe and f (zo) 2 where 0«z «1. 
f(z) 


Sharp coefficients estimates, radius of meromorphic convexity, integral transform 
ave been obtained. It is also seen that the class 


of functions for this class h 
Ty (A B zy) is closed under convex linear combination and in the last, certain 


i i i tudied 
convolution properties of functions have been s i ; 
2000 Mathematics Subject clasification : Primary SESS Secondary 32Exx. 
merphic Univalent function, meromorphic cenvexity. 


Keywords : Mero 
Let X be the class of functions of the form 


1. Introduction. 


d univalent in punctured disk 
WOES OE e that are regular an 


D= k Gate ld e 1) with a simple pole z=0. A function fin È is said to be starlike of 

l zf'(z) 
op R 

order a(0<a<1) denoted by f€ >* (a) if "Ze 


«-€ for |z «1. The class 
» ta) has been extensively studied by Bajpai [1], Cluni [2], Goel and Sohi [4], 
Juneja and Reddy [5], Silverman [6] an 
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Let X, be the subclass of © consisting of functions of the form 


fle)= 2 +ayz—ag2” + dig2° +... a 20 
z 


1 n- n 
==+))(-1) E D a, 20 ...(1.1) 


n=] 
Uralgaddi and Ganigi [7] have obtained certain results for meromorphic 
functions with alternating coefficients that are starlike of order o. 


Let y x (A, B) denote the class of functions of the form (1.1) regular and 
univalent in the punctured disk D satisfying the condition 


sis). 
f(z) rls Ls e D. 


Dixit and Misra [3] have determined certain interesting results for the class 


Y M (A, B), where A and B are fixed numbers -1<A<B<10<B<l. 


Let Ty, denote the class of functions f(z)= za P a.so 2 La, 2 H 
Z n=1 
regular and univalent in the disk D. Let Ty(A,B) denote the subclass of functions 
in Ty satisfying the condition. 


(12) 


Also Ty (A,B,zo) denote the subclass of functions in Tm, B) satisfying 
f'(zo)= -1/22 where 0< z, « 1. 


In thi i i 
S xd paper, we obtain sharp coefficient estimated, radius of meromorphi¢ 
class T fis 2 et functions in Ty(A,B,z,). It is also shown that the 

s Ty(4,B,zo) is closed under convex linear combination. In the last, convolutio? 
problem of functions have been studied : 
l 


We begin by Fet Hei ema due fo Dine end rts IER gy 


ns 
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Lemma: A function fin yy’ is in yy (A,B) if and only if 


3 {n+ B)«14 Aja, <B-A. 1:9) 


n-l 


2. Coefficient Estimates 
a S n- n 
Theorem 2.1. Let f(z)- CSS 1) "os (a, 2 La, 20) If f is regular in D and 
satisfies f'(z,)- - 1/22 , then f e T, (A, RB zl if and only if 


» lal +B)+1+ A]- n(B- Ajar" (-- 1 la, « B- A. (2.1) 


n=l 
The result is sharp. 
Proof. We know from lemma (1.3) that a function &(2)= : * C 1) 5,2", (b, 2 0) 
regular in D, satisfies 

zg +1 


ek ) <1, zeD. 
Bz£ Z +A 


if and only if S [fn e B)+1+ Ajo, |< B-A. 2122) 


n=l 


Applying the result to the function gle)- fle)/a, we find that f satisfies 


(1.8) ifand only if eL Biz Aja, ]<a(B-4) SE 
n=1 


ion of f(z) that 
Since f'(z)- së, we also have from the representation of f(z) 


Ge 1 4 X (- ne nazi 


n=1 


Putting the value of a in inequality (2.3), we have UE required result. 
For attaining, the equality (2.1), we choose the function 
CC. 
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l———— 


ln + B)«1« Aj - «C 1)" (B- Az" 


1 
Z 1 
( n+ 


Bye 
Tel: n(1+B)+1+A- -1)"'n(B- Aki 


From (2.4), we have 
s B-A 
RER Akt 


or Ine B)«1«A]-C- qoem (BA) = B-A, 
and a@=1+ yO WU re Ah 
n=] 

C1) n(B- Aa" 


I mc B)-1«A]- C1) NR Aja" 


T {n(i+B)+1+ A} am 
inl +B)+1+A}- (1) n(B -Ajs ` 


3: Radius of Meromorphically Convexity 


Theorem 3.1. Iff € T,(A,B,z,), then f is meromorphically convex of order 


8(0 « 5 < 1) in the disc |z|< R, where 


S | n(n +2-8(B— A) | .(3.D 


This result is sharp for each n for functions of the form (2.4). 
Proof. In order to determine the required result, is suffices to show that ! 


2f''(z) 
2 BL sl- ad ss R) for a function f(z) belonging to the class Ty (A,B, Zo ), where 


R is defined by (3.1). The details involved are fairly straight forward and may be 
omitted. 


4. Integral Transform. 
Theorem 4.1. If f € T, (4,B,z, ) then the integral transform 
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1 
F(z)- c f u*f(uz du forÜ «c «o, is in Ty(A',B',z)), where 
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| 1«B' (A+B+2\c+2)+(B-Ale 
) 1-A' Ze(B- A) SE 


The result is sharp for the function 


fle) (A+B+2)l/z+(B-A)z 
(A+B+2)-(B-A)z? 


Proof. Let f(z sle XL lha Ty (A, B,z,), 


» 
ER 2 
then 2)-e (lu S Taa 0 |du 
2 


o 


( 1 n Anz : 
FER n+er+l 
It is sufficient to show that 

2 la + B')+1+A'}-(-1)'n(B'-A')zo™ 
Aa BA PEN <l. 
ae (B'- A'n c1) n ...(4.1) 


T Since f e T, (A,B,z,) implies that 
2 (n(1«B)«1«A]- C1 7 n(B- Aja cy 
n-l (B x A) $ 

D From Theorem 2.1, (4.1) will be satisfied if 


14 B' {n(1+B)+1+ A n c1) (B- A)e ERES 

D MACRO ree sed (uil eer ...(4.2 
B'-A' S (n 1B - A)c CU e" (4.2) 
The right hand side of (4.2) is an increasing function o 


in (4.2) we have 


nem (A-Berjeene(-Ae & 
Je B-AC 2c(B - A) c 


f n, therefore putting n=1 


Hence the theorem. 
5. Closure Theorems 


Theorem 5.1. Lety be areal nu 
the function F deffited Byukul Kangri Collection, Haridwar. An eGangotri Initiative 


mber such that y » 1. If f € Ty (A,B,2,), then 


EAE 


Í(€———^^—^————— NN 
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F()- 22 fe pat. | E 


<T 


Also beleng to Ty(A,B,20)- 
Proof . The proof of Theorem 5.1 is similar to that of Dixit and Misra [8]. 


Se 
Since the class T, (A,B,z,) is convex, it does have some ‘extreme points’ given by 
Theorem 5.2. 
1 (nfl +B)+1+ Ai 4 (B- AX- R an 
h 5.2. Let f(z)=— and f,(z)- Z l 
Theorem et f(z) pA f. (2) Int + B)-14 A]- n(B - AX- URL zg! 
Then he T, (A, B,2,) if and only if it can be expressed in the form 
WE 
hlz) =f (2)+ $ Anfa (2) 
n=1 
o TI 
where } > 0 and As Pos TI 
Proof : Let th 
et us suppose that TE 
h(z)- M(z)- X Anf, (z) ea 
n=] 
= a an e 1) az” 
AA 
e ^ b = 
where @ I, 3 
3 (n(1+ B)+14+ A}—(-1)"'n(B- Ak) 
(B um Ab, 25 


and rc rean 5 
tn + B)+ 1+ A} =|- jy n(B = Aki 


Then, it is easy to see that Ar (zo) = -1/ Së and the condition (2.1) is satisfied. Hence TE 
he T, (^ B,z,). Conversely, Let he T, (A,B,z,) and 


a e SL : Pr 
EL = ra n 
do Z S 2 EE Baier Collection, Haridwar. An eGangotri Initiative | 
nz 
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Then, from (2.1), it follows that 
a: (B- A) 
"o n B)«1« AJ - (C1)! n(B- Ajar" (n =1,2,3...). 
Setting 
Ha {n(1+ B)+1+ A] - (C1)! (B - Ajar” L 
"n B-A n 
and 
ie ie 
nzl 
we have 


he) = af(z)+ Dah (2). 


This completes the proof of the theorem. 
The following inclusion property is an easy consequence of the Theorem 2.1. 


Theorem 5.3. Let f;(2)= abe S C0)" aye" j - 12... m. If fj e Ty(4,B,zo) for 
each j—1,2,....m, then the function 


h(z)- B + SE 1)"!b,z" also belongs to T, (A,B,z;), where 
Z 


n-l 


bs 2^; b, = Sieg (n = 12,...,m) 


A. 20 and DN sl 


j=l 


b & 4 

Th a x n-1 n B, 2)2—-4 LU Vë 

eorem 5.4. If Tai en a,2 eTy(A, Zo) and a(z) Z D 
ith b, «1 for n=1,2,3..., then f * g € T. (A,B,z;)- 


functions f and g; we can write 
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Proof. For convolution of 


| 


EEN 
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Sla 5)«1«4]- C2" (8- Aje "ib b, «Y [ptc B)« 1 A] - C1)" AK, 


nal 


n=1 


(Since b, <1) 
« B-A, by (2.1) 


Hence, by theorem (2.1), f * g e T, (A, B,z,). 
Note. It will be of interest to find other convolution results analogous to those 
of Juneja Reddy [5]. 


DI 


12] 
[3] 


[4] 


[5] 


16) 


[7] 
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ABSTRACT 

In this paper, we develop a simplified mathematical model for tumor 
angiogenesis, which is the process of sprout growth, forming new blood vessels 
from already existing micro vessels. The diffusion of tumor angiogenesis factor in 
extra cellular matrix is explored and the effects of TAF, chemottractant 
concentration, on tip density and vessel density have also been discussed. The 
analytical solution has been obtained. The numerical experiments have been 
performed to justify the same and to facilitate sensitivity analysis. 
2000 Mathematics Subject Classification : Primary 92C10 Secondary 92037, 
Keywords: Angiogenesis, Tumor growth, Diffusion, TAF, Neoyascularization; 

1. Introduction. The studies on cancer are being made due to its prevalence 
all over the world. Very recently a known scientist Sasi Sekharan on MID, USA 
has tested the molecular size bomb on the skin or lung cancer of the mice. Basically, 
solid tumors are the collection of tumor cells, which are the core factors in cancer 
research. Other factors like neovascularization and the interstitium are RES 
accountable for solid tumor growth. The aim of all the studies in this area is to 
find a drug, which can penetrate deep into tumors, cut o the blood supply and 
detonate a lethal dose of anticancer toxins without harming healthy cells. SC 
tumors are of two types, avascular and vascular. Initially solid tumors are e 
mass cells within the tissue. But this mass multiplies rapidly due to the process o 
multation. At initial stage, avascular tumor growth leads to PORTMAN. QU 
Which may remain dormant for long time. At avascular stage, tumor growth may 
not be possible beyond 1-2 millimeters. 


izati r is one of the important factors. 
For tumor growth, vascularization to tumo 


j surukul Kangri Collecti j Seng egis is the process 
This process occurs both in mon-malighánt cofiditlons pm 


CX am RIP 
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of sprouting new blood vessels from already exsting micro vessels. To make the 


tumor vascularized, solid tumor secrets some chemical compounds, which stimulate : 


endothelial cells (EC) of the tissue. Some enzymes secreted by EC, break down T" 


basement of membrane, allowing endothelial cells to proliferate across the disrupted of 
membrane into extra cellular matrix. On the basis of this process, new capillary m 
sprouts form and migrate towards a vascular solid tumor. Finally, a network of ^n 
capillaries is formed and penetrates into the tumor. Then a solid tumor gets on 
vascularization. Many researchers developed mathematical models related to tumor ch 
growth iu different frame works. na 
Mathu et al. (1982) studied tumor induced-neovascularization in mouse pa 
' eye. Chaplain and Sleemen (1990) developed a mathematical model for prodution th 
and secretion of tumor angiogenesis factor in tumors. Adam and Maggelakis (1990) as: 
explored diffusion regulated growth characteristics of spherical pre-vascular se 
carcinoma. Lauffenburger and Stokes (1991) analysed the roles of microvessel in 
endothelial cell random motility and chemotaxis in angiogenesis. Chaplain and 
Stuart (1993) provided a mechanism for chemotrctic response of endothelial cells for 
to tumor angiogenesis. Byrne and Chaplain (1999) developed a model of vascular (T 
solid tumor growth. Cui and Friedman (2001) developed a mathematical model of ex 
the growth of necrotic tumors. Friedman and Reitch (2001) worked on the existence di 
of spativily patterned dormant malignancies in a model for the growth of non for 
necrotic vascular tumor. Levine et al. (2001) discussed onset of capillary formation tui 


initiating angiogenesis. Petted et al. (2001) studied the migration of cells in (1 
multicells tumor angiogenesis. Petted et al. (2001) studied the migration of cells 
in multicells tumor spheroids. McDougall et al. (2002) examined mathematically 
the flow through networks: in order to study tumor-induced angiogenesis and 
chemotherapy strategies. Bazaliy and Friedman (2003) prepared a model of tumor 
growth. Cui and Friedman (2003) studied a hyperbolic free boundary problem" 
modeling tumor growth. Owen et al. (2004) did work on mathematical modeling of 
una use cf macrophages as vehicles for drug delivery to hypoxic tumor sites. They 
investigated the role of chemotaxis and chemokine production and the efficacy ° 
macrophages as vehicles for drug delivery. Plank et al. (2004) formulated ^ 
mathematical model of tumor angiogenesis, regulated by vascular. endotheli@ 
growth factor and the angiopoietins. this work attempted to provide a mathematic 
description of the role of the angiopoietins in angiogenesis. Tarabolette e 
Giavazzi (2004) suggested modeling approaches for Moe and designed f" 
anti-angiogenic compounds. 

The paper mathematical modeling ight ing 


ng is capable f pr iding deep ins 
: cl, Kangri Collection, H capabl SÉ royiding cep 
the ways by which One CHI hne or producing some ie SE to destroy the plo wh 
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vessels feeding the tumor. In this paper, we have modelled sprout growth during 
tumor angiogenesis and diffusion of TAF in extra cellular matrix. Our focus in 
the present investigation is on capillary sprout growth, diffusion of TAF and role 
of angiogenesis in tumor growth. The simplified model is solved analytically. Byrne 
and Chaplain (1996) have not considered the diffusion of tumor angiogenesis factor 
in their studies. Our effort in this paper is to extend their studies for more 
complicated cases by incorporating this factor. We examine the diffusion of 
chemottractant concentration , the role of angiogenesis in tumor growth. the 
numerical experiments have also been performed to visualize the effects of various 
parameters on tip and vessel densities. The present investigation is organized in 
the following way. In section 2, we describe mathematical model by stating requisite 
assumptions and notations. The analysis part of the paper has been discussed in 
section 3. The numerical illustrations are presented to validate analytical results 
in section 4. The section 5 provides descussion part and concluding remarks. 

2. The Model. It is well known that vessels within a sprout have a velocity 
forming the continuity of the tip-vessels structure. Tumor angiogenesis factor 
(TAF) concentration is governed by reaction-diffusion equation based on the 
experimental*observation and earlier studies. We consider the finite and uni- 
directional model for sprout growth and diffusion to tumor. This model is 
formulated in terms of tip density, vessel density and TAF concentration. The 
tumor is at x=0 and limbus is at x=1, (0<=x<=1). Following Byrne and Chaplain 
(1996) model , that vascular front with tips stimulated by TAF and sprouting from 
capillary vessels. The proliferation of tip occurs at the vascular edge (13) and is 
triggered when exceeded threshold concentration c'. The vessels within the sprouts 
migrate to tumor and decay linearly. For TAF concentration, reaction-diffusion 
equation with linear-decay has been used. We use the following notations for 


mathematical formulation of the problem. £ 
The set of partial differential equations governing the model (Byrne an 


Chaplain, 1996) is given by 


on = KEY (n2) ope tortie- her rp O0 
ot ex? QxV Ox 

(2) 

2 : (3) 


CC-0. Gurukul Kangri Collection, Eege nanid I#tAiWeconcentration 
Where n(x,t), p (x,t), (x,t) are the densi on penstga D 
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respectively. D and H are the diffusion coefficient of TAF and Hevinside unit a 
function. Auen are rate of TAF decay, rate of vessel density decay, | at 
threshold TAF concentration, rate of tip to branch anastomoses, random tip 
motility, chemo taxis coefficient, first tip proliferation rate, second proliferation We 


rate respectively. 
At the tumor, c is at constant value 1 and n=0, if tips penetrate the tumor, tin 


then our model is not applicable. At the limbus, c=0, while n and p decay 


exponentially to zero. If tip and capillary once formed then the capillary buds' S 
production at limbus is stopped. 

Initial and boundary conditions are 
n(0,) - 0, n(lt)e ne", n(x,0)=0, for 0€ x «1, n(1,0) » n, (4) Wi 
elt lp T U< Bas Ie.  (x,0)=0, for 0<x<1, p(1,0)=1 (5) 
c(0,t)=1,c(1,t)=0 c(x,0)=c, for 0<x<1, (6) 2 


where k is decay rate of tip and vessel density. 
3. The Analysis. The TAF concentration for unsteady profile with the À = 


help of the equations (3) and (6) can be obtained as: Th 
| c= 2cpe ™ EU ear cosp,x (7) 
r=] n 
K We 
where f, = {= ` and n =1,2,8.,...,00 
Chaplain and Stuart [9], estimated motility coefficient for cells chemicals — wy 
HD chemical = HR 10? ~0. X 
Then vessel density within the sprout is ei b On. eet (8) 
p isigiven by ep qm YP Fr 
Solving the equation (8) with the help of the equation (5), we have 
€i 


p= 2eyxe X (- ni sin Bax Jem, EI 9) 


rel 


The non-linear wave equation for tip density can be reduced to 


én Ona ES » 
ER E 


pe 
With the help of equation (9), the equation (10) i in terms of n(x,t) and c(x,t) can ` 
written as CC-0: Gurukul Kangri Collection, Haridwar. An eGangotri Initiative wl 
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On _ Ve Ed ore) 2 he- - 
ee Ru (s, (c-c) xg (aoc - Bn) 
x (- 1) 2€,xe^" sinB, x [e n(sr)ar AG), 
We simplify the model with the concept that the vessels form tips for a very short 
on x dc 
time and in view of this E 0, so that Pa 
Now we have 
ôn On ðe Ga dc 18 dc 9 
M ym — m recul — a e 
en [s (c-c')+ Br is e (12) 
With the condition ; 
n(0,t)=0 n(x,0)=H(x-x*), n(1,t)=1 for some x* e (0,1) 


we further simplify the model in respect of TAF concentration and tip creation 
rates. For more simple approximation, if we consider, 


= 0} a) = 0, H(c-c')=1. 


The reduced equation is given as follows: 


On |. dc an xp d - 
—— = Qne + uer (13) 
E up Bee Bis 1 xB? 


We use perturbation method for approximation of n(x,t), which provides 
n(x,t) = m(x} € m(x" +E n (xe? * 


where e is a small quantity. 
Now 


(14) 


ôn Se On On, , — mu OT (15) 
ape, ALD ME ox 


From equations (14) and (15), we get 
SE = on int On. 
E niue? 4 2yC, C1) e?! sinyal Pa eem 
- —2¢,(-1) ae ~“ cos ELE ene" ) B, 
- 218,6, Te cost sns ee me”) 


4 2BxCo cie” sin Bn (p? pel 2 n1?" + Ingne™) ...(16) 
Y 
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Comparing terms free of e on both side, we have 


no - — £1 cot p, x.ng + B -Bn cot p, x. 
ex XPa Y 
or ei = -F cotB, xng +F" ne 


where P=-| 21 d and p-P. 
XB. Y 


On solving, equation (17) with the help of (4), we get 


(sing, x) ^ 


Ry = 
ERE [Gin g,x) ^ dx 
a, 4 xp? 
where G = ae c 
LS 


Now comparing the coefficients of e on both sides. we have 


mip + 230,1) e" sing, = 20 C1 e fp + See 


n 


* 2C, (- 1J e” Bysing, x. ZO 
Y 


n 


. d 2 
or (pxsin Lal E E EE A 118) 


On solving the differential eguation (18), we get 


logn; =- daz 3 e P C 
S | (sing, x) ax log(sinp,x) B. log(tanB, x/2)+ ..(19) 


With the help of the (4), then we have 
C=0, 


4 -G 
logn, =- Jop? ` TUE c J2 m) 
ang Dee log(sinp, x) Beban al 2) co 
P (sing, x) b 2 
ny =e f (sing, xy dx logsin p, x) -g log(tanp 2) (20 | 


=eB 


where B=- Í (singz) S i 


[UE d E P 


..(18) 


.(19) 


(20) 
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Now = 2G) (el) e“, AE 


nx,t)= ny eee? +... CH 
Substituting the values of ny and n; in (22), we have 


(sin px) ^ 


)- i" 
nist) LE! [sin Bra) ? dx CCS 
(sin Bax)? $ P 
x exp| — Í Ta B x) Cds - log(sin Daf - en B,x/2) |+... 


4. Numerical Results. The effect of various parameters on TAF, vessel 
density and tip density has been examined by considering a numerical illustration. 


We fix default parameters as cy) -.01,12.8, 7-2 1,4 =.4,a, = 1, B= 100, y-.001, 
y 2.000002, to obtain numerical results, which are depicted in figures 1-4. 


Figs. 1(a-c) depict that chemottractant concentration (c) varying x for 
different rate of diffusion coefficients (D) for t=0.8, 1,2, 1.6, respectively. It is noticed 
that the concentration decreases by increasing x and it is highest where tumor is 
situted (i.e. x=0) and is almost zero at limbus (i.e. x=1). The chemottractant 
concentration decreases as the rate of diffusion increases. Initially the concentration 
decreases slightly upto x=0.2 but beyond this, it decreases sharply. On comparing 
the figs. 1(a-c) we see that the concentration decreases as time increases; difference 
of concentration for different values of D increases as time increases but 
diminishes towards limbus. 

Figs. 2(a-c) demonstrate the chemottactant concentration profile for 
different values of x. We see that concentration decreases as time increases and 
distance of limbus from tumor (x) increases. It is also clear from the figures that 
the concentration, at D=0.3 for t-2.8 and for different values of x, is almost zero; 
however for lower value fo D depicted in figures 2 (a)& 2 (b) for D=0.01 and D=0.1, 
respectively, the value of c becomes almost zero much later. Thus the diffusion 
coeficient has significant effect in the growth of the tumor. ; 

It figures 3 (a-c); the effects of different parameters on vessel density (p) 
are depicted. Fig.3(a) illustrates vessel density (p) vs. x (distance of limbus fom 
tumor) at different time. We observe that at limbus (x=1) the vessel density is 
highest and at tumor site (x=0) the vessel density is zero; the vessel density 


increases with time but the effect is more prevalent for higher values of x. In fig 
ally sharply with x upto x=0.6, 


3(b), we see that the vessel density increases initi c RM 
but beyond tha£Ctíheulensitygimeeases -aradually with x. qt also Mer ane BNN 


c  —  —X 


increases. In fig. 3(c), which shows the vessel density pr ofile = are values of 

y, initially the vessel density increases slightly with time put later on it increases 

sharply. Upto t=0.4, the vessel formation for all janes of xis very slow and beyond 

that, the vessel formation increases sharply as X increases. 

Figs. 4(a-c) demonstrate tip density (n) vs. for different values of t and y. 
From fig. 4(a) we see that tip density increases steeply vue x upto x=0.7 but beyond, 
the tip formation is static upto x=0.8 and onwards ED Dome decreases. The 
tip density does not change with time; the path of tip SSC is of wave type. 
Fig. 4(b) exhibits that tip density (n) increases as X and x THEME upto x=0.7, 
beyond this, its increasing trend slows down and converges at limbus (at x— Dio 
different values of x. From the fig. 4(c), it is clear that tip density is free of time 
and increases as X increases. 

From numerical experiment performed concluding we infer that- 

e The chemottractant concentration decreases as x,D and t increase; higher 
falling trends for lower rate of diffusion is noticed. For very long time, due 
concentration is static. Thus higher rate of diffusion and increasing trend in 
time decrease the chemottractant concentration, which is quite natural in 
real life situation. 

e The effect of diffusion coefficient is more prevalent on chemottractant 
concentration. 

e The vessel density is highest at limbus and decays to zero from limbus to the 
tumor. Also it decays as time increases and x decreases. 

e Initially, the tip density at limbus is highest but it sharply decreases towards 
tumor and is almost zero at the tumor. It is also static with time. 

e The effect of x on the tip density and vessel density is quite remarkable . The 
path of tip aensity is in the form of wave propagation. 

5. Conclusion. We have formulated a simplified mathematical model of 
capillary sprout growth with diffusion for TAF concentration for cancer cells t 
examine its ability to induce vascularization of the tumor in order to receive oxygen 
and nutrients. We make some simplifications to find out the effects of tip density 
and vessel density on tumor angiogenesis. The tip density and vessel density depends 
on TAF concentration. The diffusion is considered and its effects are discussed 0? 
TAF. Also the effects of various parameters on tip density and vessel density her 


been explained. It is very clear from the result that the TAF concentration depen? 
on the rate of diffusion. 
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Fig. 1: Chamottractant concentration vs. x for 


different values of D and (a) t=0 
(b) t= 1.2, eme? rukul Kangri Collector 
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(c) 


Chamottractant concentration vs. t for different 
values of x and (a) D 0.01, (b) D - 0.1, 


; = 0.3 
Haridwar. FORE Initiative 


Fig. 2: 
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Fig. 3: Vessel density vs. x for different val E 
(a) tand (b) y, at t=0.8 (c) p vs. fo; discs Fig. 4: Tip density vs. x for different values of (@) LE 


values of x , at fixed value of x=0,] iso pa HH OT K 
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ABSTRACT 

This investigation deals with the study of mass transport in brain tissues. 
The tissues in the human body are considered as porous medium by keeping the 
fact in mind that these are made up of dispersed cells seperated by connective 
voids through which nutrients and other menerals are available to each cell in the 
tissues. The general diffusion-reaction equations have been used to elucidate the 
developed bi-layer model. The mass concentrations have been obtained at both 
layers. The importance of porosity and tortuosity factors has also been discussed. 
The diffusion-reaction process is more realistic one . 


2000 Mathematics Subject Classification : Primary 92C18; Secondary 92C37. 


Keywords : Brain tissues, Mass transport, Diffusion-reaction model, Porosity, 


Tortuosity, 6 : 
1. Introduction. Diffusion of molecules in the brain and other tissues is 


important in wide range of biological processes and mense excess from 
the delivery of drugs to diffusion- weighted magnetic resonanci imaging. The 
diffusion molecules may have different diffusion co-efficients and concentrations 
in the different domains, namely within the tubes’ inner core, membrane and mithin 
the outer medium. Biological tissues are multi compartmental heterogeneous media 
composed of cellular and subcellular domains. Diffusion of mass transport is n 
sensitive to the local environment in tissues, and is affected by the d ing 
geometry of the cells and thier membrane permeability that controls the exchange 


DC i es across the membranes. 
c iae ae investigation is to find out the concentrations of the 
The main aig. onn Collecian, Hadar. dasar vans di peers 


nutrients at two different layers o 
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model. The diffusion-reaction in a geometrically complicated. environment is , on 
a microscopic level, an extremely difficult process. But in biological application, 
we are often satisfied with macroscopic level. Several researchers have studied 
diffusion-reaction models in different frameworks. 

Vafai and Tien [14] studied a numerical scheme to evaluate the velocity 
and temperature fields inside a porous medium near an impermeable boundary, 
They presented a new concept of momentum boundary leyer central to numerical 
routine. Puri et al. [10] developed a mathematical model to predict the steady 
state transport of a conservative, neutrally bouyant tracer injected along the 
centerline into a fully developed turbulent pipe flow. A mathematical model in 
which, steady state transport of a decaying contaminant in a fractured porous 
rock matrix by two dimensional diffusion and vertical advection which is treated 
by Fourier Sine Transform technique, has been studied by Fogden et al. [4]. Tompson 
and Dougherty [13] studied a two-step particle-in-cell model for reactive mass 
transport problems in subsurface porous formation and then applied this model 
to non-lineat diffusion-reaction system. Kangle et al. [7] presented a general 
analytical solution for one-dimensional solute transport in heterogeneous porous 
media with scale dependent dispersion. McDougall et al. [8] used flow modeling 
tools and tecniques in the field of petroleum engineering. They examined the effects 
of fluid viscosity, blood vessels size and theoretical networks geometry upon (i) 
the rate of flow through network (ii) the amount of fluid present in the complete 
network (iii) the amount of fluid reaching the tumor. 

A mathematical model for the oxygen transport in the brain 
microcirculation in the presence of blood substitues has been developed by Sharan 
and Popel [12]. Bertuzzi et al. [12] investigated a mathematical model for the 
evolutio of a tumor cord after treatment by using extensive numerical simulation. 
A mathematical model combined with a physical model to simulate the growth 
characteristics of a single bubble in liquid by the process of rectified diffusion has 
been developed by Meidani and Hasan [9]. Their model is besed on the couple 
momentum energy and mass transport equations. Water diffusion model SA 
SE extracellular space for various diffusion parameter? i 

y extracellular space, porosity and tortuosity has numeri 
"ech SN by Vafai et al. [15], Hrabe ef al. [5] studied a mathematical model fo! 
effective diffusion and tortuosity in the extracellular space of the brain - T 2 
somit e rea ina general expression re rar 
mathem 3tical model for e SE SS Z Eckes e Ex using 
Krogh cylinder symmetry; € pr ena nerve SE 7 ode! 
à and Basser [11] presented a mathematical ™ 
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characterize WERE VESTE in the human brain. Arifin et al. [1] used mathematical 
modeling and simluation to provide a comprehensive review of drug release from 
polymeric microspheres and of drug transport in adjacent tissue. An experimental 
investigation of the effect fo water diffusion exchange between compartments on 
the paramagnetic relaxation enhancement of paramagnetic agent compartment 
has been presented by Zhang et al. [16]. El-Kabeir et al. [3] studied a mathematical 
model for combined magneto-hydrodynamic (MHD) heat and mass transport of. 
non-Darcy natural convection about an impermeable horizontal cylinder in a non 
Newtonian power law fluid embedded in porous medium under magnetic field and 
thermal radiation effects. 

In this investigation, we construct diffusion-reaction equations to 
understand the concept of mass transport in brain tissues. We shell develop a 
mathematical model by considering solute concentration at two different layers. 
The rest of the paper is arranged as follows. The model description, notations and 
governing equations have been provided in the Section 2. Section 3 is to devote the 
analysis of the model. Finally, the conclusions are drawn in the Section 4. 

2. Model Description. The present investigation is concerned with the 
mass transport in porous medium by using diffusion-reaction equations in 
biological tissues particularly in brain tissues. Two concepts porosity and toruosity 


have been incorporated in the model. Porosity determines what percentage of the 


total tissue volume is accessible to the diffusing molecules and on the other hand 


tortuosity describes the average hindrance of a complex medium relative to 
obstacles-free medium. One-dimensional transient diffusion-reaction equations 
have been constructed to find out mass concentration at different situations. It is 
also assumed that the chemical reaction coefficient at both layers is constant and 


equal. 
Plone are the notations used to formulate the model mathematically: 
C;(x,t) Concentration of mass transport in i^ (i=1,2) layer 
D; Diffusivity of i^ layer, i=1,2 
A Tortouosity of i^ layer, i=1,2 
S; Mass source density of i layer, Ge Lä 
tj Porosity of i^^ layer, 1=1,2 
K Chemical reaction co-efficient 
: SE the mass transport = the brain 


e equations governing 
ss are constructed as follows: 


for the concentration in layer-1 is 


Governing Equations. Th 
tissues due to diffusion-reaction proce 


Then, the deffusion-reaction equation 
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aC, (x,t) D 86,690). ec (st). 22, 
at M ax” £j p 


The diffusion-reaction equation for the concentration in layer-2 is 


AC (x,t) De 8C» (x,t) - KC (x,t) + S2 

ôt Na ex? E2 sl 
The interface between two layers is at x=a. The perfect contacting is assumed at 
interface and concentration at that position is same. 
The initial and boundary conditions for equations (2)-(3) are given as 

Ci(x,t)= Co(x) atż=0, O<x<a 

Ca(x,t)=Co(x) att=0, O<x<b 


aCi est) _ atx=0, t»0 

w e BC 
N o A 

at 

The matching conditions are 

uet Ca (x,t) í at x=a, t>0 
OC, (x,t OC, (x,t 

D,—*" Da A at x=a, t>0 
at at (5) 


D; = Dy Sh, 2A, at x=a, t>0 
E Ea 


3. Mathematical Analysis: Taking Laplace Transform of the equation 
(2), we obtain 


TR Dl, HI T 0 


y 2 2 p 
where Or p P) and Yı Flog =) 


1 tip 
There fore, C,(x,p)= Ae™* + Ber Yi „(0 
xs 
D D EA 

Again talking the Laplace Transform of the equation (3), we get 

d”C,(x, p) ^| 

dx? ~03C2(x,p)= Y, AB 

2 SE 2 

where “9 = p des Pìr el a T eGangotri Initiative 
S 2 : 
2 Esp 


əd at 


Therefore, Ce (x, p) = Ce%* + De -Y, /a2 5 


Transformed boundary and machining conditions are 


dCi (x, p) =0 at x=0, 

dx 

dC2(x,p) _ 5 at x-b, 

dx 2 

Ci(x, p) = Cals. p) A at x-a, 
dC, (x, dC»(x, 

SE hy eh p) dM 


t>0 


t>0 
t>0 


t>0 


Using these conditions, the solutions of eqs (7) and (9), are: 


H een 


Ci(x, p)= | E 


n-T9 


p p 
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alr. p< m=0 n-0 r=0 n- 


QE) El 
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p? p 


a2 


Taking inverse Laplace Transform of eqs (11) and (12 


le 


n-rn 


D n[2 ^ n 
D, Ae 


ES 


), we get 
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4. Conclusion. In this study we have developed a diffusion-recation model 


for the mass transport in biological tissues, pariticularly in the brain tissues. The 
transporation of nutrients, oxygen, glucose etc. in the brain tissues from vascular 
system through diffusion-reaction process has been investigated. The analytical 
expressions for mass concentration in two layers have been obtained. It has also 
been obserbed that the porosity and tortuosity affect the mass transport signifi- 
cantly. Our investigation may be helpful in the treatment for brain tumor men- 
tally ratarded patients, in particular when clemical reaction is taken in to consid- 


eration. 
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ABSTRACT 

C-H-A algorithm is based on based on minimal path set to evaluate system 
structure function. Once one obtain the expression for the structure function, the 
system reliability computation becomes straight-forward. In this paper, we have 
studied C-H-A algorithm and applied it to estimate the reliability of parallel-series 
system. 

2000 Mathematics Subject Classification: Primary Secondary. 
Keywords: C-H-A-algorithm, structure function, Reliability, Parallel-series 
System. 

1. Introduction. A very general alternati 
reliability of complex system is through the use of the nete 
Once one obtains the expression for the structure function, the system reliability 
computation becomes straight-forward. Such attempts have been made in the 
classical 1975 book by Barlow and Proshan [3]. Various algorithms have been 
developed to evaluate structure function. Aven Algorithm [1] is based on minimal 
cut sets. It depends on the initial choices of 2 parameters. Recently Chaudhari, Hu 


and Afshar [4] proposed new algorithm based on minimal path set to evaluate 


system structure function. They named it C-H-A algorithm. 
d apply it to estimate the 


In this paper, we study C-H-A algorithm an 
reliability of parallel- series system. 

2. Notations and Definitions 
i) Gates 

" : Number of components. 


en : State of itt component. z s 
f the components. 
C Giunta Perawan An ANDE Initiative 


ve approach for analyzing the 
system structure function. 
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sx) : Structure function. 
Pi Probability{x,=1} : reliability of ith component. 
R : Reliability of system. 


(2.2) Definitions 
(2.2.1) Structure Function 

1 if component i operates 
oes. if component i has failed. 


Then the system structure function is defined as 


Dë 1 if System operates 
x)= 
0 if System has failed. 


(2.2.2) Reliability of System 
Reiability of system in terms of structure function is defined as 


R=probability {p(x)=1} 


= Ex) 
where E((x)) -0. probability {4(x)}=0. +1. Probability {(x) = 1}. 
(2.2.3) Coherent System 
A system is coherent when a component reliability improvement does not 


degrade the system reliability. A coherent system has a structure function that is 
monotonically increasing. 


if Yi 2 Xi, for i=1 to n. 


then ` Alz ët). 
(2.2.4) Relevant Component 


If the inequality is strict for a given component i, then that component S 
said to be relevant. | 
(2.2.5)Path Set 
: A path set is a set of components whose functioning ensures that the system 
functions. : 
(2.2.6)Minimal Path set 
» D » D 
A minimal path is one in which all the components within the set UP 
function for the system to function. l 
(2.2.7) (Cut Set) 


A set is a cut of components wh i j i lure 
ose failure will stem fal 
(2.2.8)Minimal Cut Set E em 


A minimal eyt ds,quednawhichiall Hhioweo rvpestaasnt liste fail in order for th? x 


s not 
at is 


nt i$ 


sten 


must 


ure: 
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system to fail. 
(2.2.9) OR. Operaton (Binary) 

1.1=1, 1.0=1, 0.1=1, 0.0=0. 

3. Reliability of system Using C-H-A Algorithm. Let us consider two 
components in parallel with two components in series. 


Step 1. Find out minimal path sets 

Minimal path sets are : {1,3,4}, {2,3,4}. 
Step 2. Construct matrix P using minimal path sets. Each column of P represent 
minimal path. Assign 1 for the component present in path set and 0 for the 
component not present in path set. 


1 0 
0 1 
P= 
ti 
i di 


Steps 3. Construct the design matrix D using the columns of P matrix. Start 
with two columns of P matrix and apply OR operation on a respective rows and 
resultant column will be appended in P matrix. Perform same operation on all 
remaining columns. Process will be extended to three columns, four columns and 


so on. Once process will stop will obtain design matrix D. 


10 1 
0 1 1 
D= L 4 
d dod 
Td sb 


mber of columns are same that of design 
e m is number of columns in P matrix. 
Jil, where i is the number 


Step 4. Construct a vector S whose nu 
matrix D. First m elements are T's, wher 


Next elements(1 or -1) are determined according to os Gt p 
of columns of P that are taken at a time to be OR' ed in particular step. 


Sn. 1 
Step 5. Let m be the number of columns in P matrix. Construct the structure 
fanction of the system. 


T 26) 


EON L. 
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————— 


where, D(i,j)= element (i) of D 3 
S(j) element j of S 
Here, m=2, n=4. 


Structure function $(x) is 


S (20: y DG), D), D(43) 


fi 

a Ee < 

+ (3) P0003), HRH 5 f 

=li xix! pl x qt, ole 362 401204 2 

K 

(x) = a xx, 35534 — 2312334 S 

Reliability is o 

R= Eia n 

= E(x,x,%,)+ E(x,%,2,)- Ele rara b 

= P P,P, + P P,P, — PP; P, P,. C 

R={1-(1- p. RIR R, : 

4. Disussion. For last four decades, various methods have been developed g 

to evaluate reliabiality of system. The C-H-A method has got its own importance. i 

Being an algorithmic approach, one ċan write computer program and use computer 4 
to evaluate reliability of complex system. Further, the important relibility measures 

such as Pirnbaum Reliability - Importance, Chaudhari bounds can also be evaluated p 

easily. 

p 
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ABSTRACT 

In this paper we introduce concept of pairwise slightly semi-cintinuous 

function in bitopological spaces and discuss some of the basic properties of them. 
Several examples are provided of illustrate behaviour of these new classes of 
functions 
2000 Mathematics Subject Classification : 54155. 
Keywords and Phrases : (i,j) clopen set, pairwise slightly continuous, pairwise 
slightly semi-continuous, pairwise almost semi-continuous, pairwise semi @- 
continuous, pairwise weakly semi-continuous, pairwise s- closed, pairwise ultra 
regular. 

1. Introduction. J.C. Kelly [5] initiated the systematic study of 
bitopological spaces. A set equiped with two topologies is called bitopological spaces. 
Continuity play an important role in topological and bitopological spaces. In 1980, 
R.C. Jain [4] introduced the concept of slightly continuity in topological spaces. 
Recently T.M. Nour [10] defined a slightly semi-continuous functions as a 
generalization of slightly continuous function using semisopen sets and 
investigated its properties. In 2000, T. Noiri and G.I. Chae [9] introduce a note on 
slightly semi-continuous functions in topological spaces. 

The object of the present paper is to introduce a new class ck function called 
Pairwise slightly semi-continuous functions. This class contained the class of 
pairwise continuous functions and that of pairwise semi continuous functo 
Relation between this class and other class of pairwise continuous functions are 
obtained. 

Throughout the present paper 
bitopological spaces (X,P;,P5) and (YQ), 


the spaces X and Y always represent 
Q) on which no seperation axioms are 


L : i .—Cl LB. 
assumed. Let Sc X. Then S is said to be (i, j) semi-open [8] if ScP;-Cl (P; 


Int(S)) (where P.-CI(S) denoted the closure o olog, 
and P.—Int(S) desert the interior operator with respect m ee p a 
Le j) and its complement. is called (i, J) semi-closed. The intersection S 


kul K lechioù. Hari losuréfsS and it will be 
Semi-closed sets tung s SESS gie (ay seni ce i 


perator with respect to topology P; 


— M NG 
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denoted by (iJ) s CI(S). A subset S is said to be (i, J) SE if S is both (i, 
j) semi-open and (7, j) semi closed. A subset S is said to (t. j) semi 0-open if S is 
the union of (i J) semi-regular sets and the complement of a (i, 7) semi 0-open set is 
called (i, j) semi 0- closed. A subset S is said to be (i, j) clopen if S is P;-closed 
and P;-open set in X. P^ 

In this note we will denote the family of all (i, j) semi-open (resp. P;-open, 
(i, J) semi-regular and (i, j) clopen of (X, P,, P9) by LL J)SO(X)(resp. P;-open(X),(i, j) 
SR(X and (i, j)CO(X)), and denote the family of (i, j) semi-open (resp. P;-open, (i, j) 
semi-regular and (i, j) clopen) set of (X,P,,P5) containing x by (i, j)SO(X,x)(resp. P; 
(Xx), i, SRX, x) and (i, j)CO(X,«). i, j=1,2. 17. 

2. Preliminaries. 
Definition 2.1. A function f(X, P P> YR LR) is said to be pairwise-semi 
continuous [8] (p.s.C) resp. pairwise almost semi continuous (p.a.s.C)[12] pairwise 
semi 0-continuous (p.s.0.C.) [12] and pairwise’ weakly semi continuous (p.w.s.C.) 


[12] if for each xe X and for each VeQ,(y,f(x)) there exists U e (i, j)SO(X,x) 
such that f(U)c V(resp. f(U)c Q,- int(Q; - om) 


PU, j)sci(U)c Q; - CI(V)and f(U)c Q;- Chi) 5 


Definition 2.2. A function fX,P,,P»)—(Y,9,,0)) is called to be pairwise almost 
continucus (p.a.C) [2] (resp. pairwise 0-continuous (p.0.C.)[1], pairwise weakly 
continuous (p.w.C)[2] if for each xeX and for each Ve Q;-(Y, fo), there is Ve P(X) 
such that f(U) c Q;-Int(Q;-CI(V)) (resp. (P;-Cl(U) c Q,-C1(V), AU) c Qj- CD 
Definition 2.3. [11] A function f(X, P P) >(¥Q Q) is called slightly semi- 
continuous (p.sl.s.C.)(resp. pairwise slightly continuous (p.sl.C) if for each xeX 
and for each Ve (i, j)COLY, f(x), there exists Ue(i, ))SO(X.x) (resp. Ue P; (X,x)) such 
that AU) c V, i, j=1,2 and izj. | | 
demum f (X, P,P 2) (Y,Q,,Q,) is said to be pairwise slightly semi- | 
S (resp. pairwise sli i (PT : j. j)-clopen 
set of Y is (i, j) n Se EE 5 BR SG | 
i ;1J-7152, iz]. | 
T^e following diagram is obtained : | 
CS pal => p.9.C. > p.wC => p.sl.C 


` U T y U 


ps.C => p.a.s.C > p.0.s.C = p.W.s.C > p.sl.s.C 


diagram 1 
Remark 2.4. ; impli 
e pr Was point out in [11] that pairwise slightly continuity PPP 
semu-continuity, but not co y 
D EN í nversely. Its counter examples 4 
given in it. 
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DIU UNT Hem net e 
Sëtz slihtly e e Es S j S x Ded o S 
oe ur ; not pairwise slightly continuous for f-!((a)) 
is (j, i) semi-open and (i, j) semi-closed, but not Pj -closed in (X,P,, P). 
Theorem 2.6. The pairwise set-connectedness and the pairwise slightly continuity 
are equivalent for a surjeetive function. 
Proof. A surjection f:(X,P,,P5)(Y,Q,,Q») is pairwise set-connected if and only if 
f (7) is (i j) clopen in X for each (1, J) clopen set F of Y. It is easy to prove that a 
function fX,P,,P»)—(X@,,05) is pairwise slightly continuous if and only if FP) 
is P,-open in X for each (i, j) clopen set F of Y. Therefore, the proof is obvious. 
Theorem 2.7. For a function f:(X,P,,P,)23(Y,Q,,Q?) the following are equivalent: 

(a) f is pairwise slightly semi-continuous, 

(b  fi(V)eG,J)SO(X) for each Veli, j)CO(Y), 

(c) f (V) is (j, i) semi-open and (i, j) semi-closed for each Veu, j)CO(Y). 

3. Properties of pairwise slightly semi-continuity. 
Theorem 3.1. The following are equivalent for a function f:(X,P,,P5)5(XQ,,Q5): 

(a) f is pairwise slightly semi-continuous, 

(b) For each zer and for each (V)e(i, j)CO(Y,f(x)), there exists Ue(i, j) 
SR(X,x) such that f(U) c V, 

(c) For each xeX and for each (V)e(i, j)CO(Y, f(x), there is Ue, j) 
SO(X,x) such that fli, j)sCl(U)) c V. 
Proof. (a) = (b). Let xeX and Ve (i, j)CO(Y, f(x). By Theorem 2.7, we have f-1(V)e 
(ij)SR(X,x). Put U=f1(V)), then xeU and AU) c V. 

(b) 2 (c). It is obvious and is thus omitted. 

(c) 5 (a). If Ue(i, )SO(X), then (i, j)sCKU) e, SOM). 
Definition 3.2. A bitopological space (X,P1,P») is called p s 
(a) Pairwise semi-T,[6] (resp. pairwise ultra Hausdorff or pairwise UT.) if 
for each pair of distinct points x, y of X, there exists a P,-semi-open (resp. Pi- 
clopen) set U and a P5-semi-open (resp. P5-clopen) set V such that rell yeV and 
UnV—6. 
(b Pairwise s-normal[7] (resp.pairwis 
set A and Pj-closed set B such that AnB-6, 
and VeSO(X,P,)(resp.CO(&,P,)such that Ac U, 
Lat 
(c) Pairwise s-closed (resp.pairwise 
(resp.(i, j) clopen) cover of (X,P pP) has a 
Theorem 3.3. If f: GPP 9205,» za 
injection and Y is pan Wise «Ugo t ben dois BANT An mE ele 


e ultra normal) if for every P;-closed 
there exist UeSO(X) (resp Co(X,P;) 
Bc V and UAV=$6,where i, j=1,2, 


mildly compact) if every (i,j) semi regular 
finite subcover. i, j 1,2 and Gi, 
)is a pairwise slightly semi-continuous 


kk.  —— 


9 ANN 
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Proof. Let oeh and xx». Then since f is injective and Y is pairwise UT», fa) 
zf(x3) and there exist, Vi, V. e (, ji coo such that RUE rapis V, and Vin Vase, 
By Theorem 2.7, xef Vj) eG, j)8000 for i2 1,2 and f^ (Vj) (V;)26. Thus X is 
pairwise semi-T5. 

Theorem 3.4. If £(X,P,,P9)(£Q,,Q9) is a pairwise slightly semi-continuous, 
P,-closed injection and Y is pairwise ultra normal, then X is pairwise s-normal. 

Proof. Let F, and F, be disjoint (P,,P,)-closed subsets of X. Since f is P;-closed 
and injective, f(F,) and f(F,) are disjoint (Q,,Q5)-closed subsets of Y. Since Y is 
pairwise ultra normal, f(F,) and AF)) are separeted by disjoint P;-clopen sets Vi 
and P;-clopen V», respectively. Hence Ef IV), fF (V) eG, j)SO(X) for i=1,2 from 
Theorem 2.7 and fV. Vo). Thus X is pairwise s-normal. 

Theorem 3.5. If f(X,P,,P5)—(X,9,,0)) is a pairwise slightly semi-continuous 
surjecticn and (X,P,,P5) is pairwise s-closed, then Y is pairwise mildly compact. 

Proof. Let {V [Y EGJ )CO(Y),ae v ) be a cover of Y. Since f is pairwise slightly 


semi-continuous, by the Theorem 2.7 (f 1(V Sl lae V) is a (i, j) semi-regular cover 


of X and so there is a finite subset V, of v such that X = Uf (y). 


Geo 
Therefore, 
Y - Uv, 
aeVy 

since f is surjective. Thus Y is pairwise mildly compact. 
Theoren 3.6 If f(X,P),P>)>(¥,Q,,Q,) is pairwise slightly semi-continuous and 
Y is pair à ise UT, then the graph G(f) of fis (i, j) semi 0-closed in the bitopological 
product space Xx Y, 
Proof. Let (x,y) €G(f), then yz f(x). Since Y is pairwise UT, there exist Veli, j) 
DOU Al aud Wei, j) COY, f(X) such that VAW=6. Since f is pairwise slightly 
semi-continuous, by the Theorem 2.7 there exist U ett, j) SR (X, x) and vel) 
ae 3), (x,y) cUx V and Ux Ve (i,j)SR(X x Y). Hence G(P) is (i, j) semi 0- closed. 

ng 3.7. Ug i (x, G p P3)-XY, Q, 05) is pairwise slightly semi-continuoy 
and (Y, Qi, Q5) is pairwise UT, then A={(X,,X,) hx ehars) } is JG, J)sem" c 


I) o 5 A CN HO e OB oo e e De ee TTT 


f D ` kär 


closed in the bitopological product space X x X. F 
ire 3 (X,X5) eA. Then fG)sfix;). Since Y is pairwise UT», there exist " ` 

li em $ SH and Ye (i,j) COY, f (X5) such that V; MV, “4. Since fis pairw* t 
Rd A RT there exist U, Ue (i, j)SR(X) such that Suel an f 
He V, for i=1,2. Therefore, (XLX) cU,xU,, U,xU,eti, j) SR(XxX), and (Vi | 


xU MAh. So A is (i, J) semi 8-closed in bitopological product space XxX. 


Definition 3.8. [oA laikapokopie dme tp. Hanya, An c OBa raise extremal B 


US 


er 


93 


disconnected if P» -closure of each P -open set of (X, Be P,) is P,-open 
Lemma 3.9. Let (X, P4, P5) be pairwise exteremally disconnected space, then Ue 
(i, j)SR(X) if and only if Ue (4, j)CO(X),i,j=1,2 and iz]. 
Proof. Let Ue(i, j)SR(X). Since Ue (i, PSO(X),P,-C1 (U)=P.-Cl(P;-Int (U) and so 
P,-CIU) ePj(X). Since U is (i, j) semi-closed , P;-Int(U) =U= P.-Cl (U) and hence U 
is (i, J) clopen. The convers is obvious. 
Theorem 3.10. If (X, P,,P5) 9(Y,Q.Q») is pairwise slightly semi-continuous, 
and X is pairwise extremally disconnected then f is pairwise slightly continuous. 
Proof. Let xeX and Ve(i, j)CO(Y,f(x)). Since f is pairwise slightly semi-continuous 
by Theorem 2.7, there exists Ue (i, j)SR(X,x) such that IUT cV, since X is pairwise 
extremally disconnected by the Lemma 3.9,Ue (i, j) CO (X) and hence f is pairwise 
slightly continous. 
Difinition 3.11. A function f : (X, P,, P3)-X(Y, Q,, Hal is called pairwise almost 
strongly 0-semi continuous (p,a.0.s.C.) if for each x eX and for each Ve QEF), 
there exists Ue (i, j)SO(X,x) such that K(i, j) sCl(U)) c (i, j)sCI(V) (resp PO. j)sC1(U)) 
cV). 
Theorem 3.12. If f(X,P,,P,) 5(Y,Q,,Q) is pairwise slightly semi-continuous and 
(Y, Q4, Qo) is pairwise extremally disconnected, then f is pairwise almost strogly 
0-semi-continuous. 
Proof. Let xeX and VeQ,(Y.f(x)), then (i, j) sCI(V) = @;-Int(Q;-Cl(V)) is G, j) regular 
open in (Y, Q,, Q9). Since Y is pairwise extremally disconnected, (t, j) sCI(V)e GH) 
CO(Y). Since f is pairwise slightly semi-continuous, by Theorem 3.1, there exists 
Ue (i, j) SO(X, x) such that Ai, j)sC((U)c G, j)sCl(V)). So f is pairwise almost 
strongly 0-semi-continuous. | : 
Corollary3.13. (11) If PKP P)5X 0102) is pairwise slightly semn ceng uus 
and (Y, @,, Q) is pairwise extremally disconnected. Then f is pairwise weakly 
semi-continuous. T 
Difinition 3.14. A bitopological space (X, P}, Pg) is called pairwise ultra regular 
if for each Ue PO and for each xet, there exists Oc, j) e (X) such ta SUE 
Theorem 3.15. Iff: (X, P3, PA Qs Q) is pairwise slightly Pen ala 
and (Y,@,,Q,) is pairwise ultra regular, then f is pairwise stroghly Heem) 
Continuous. 
Proof. Let xcX and VeQ;(Yf(20). Since (X0), 
is We(ij)CO(Y) such that f(x)e WCV. Since fis p 
the Theorem 3.1 there is Uc G,/)S0 (X5) suc 
füj)sCI(U)) CV. Thus f is strongly 0-semi-continuous. 
We have to the following diagram: . 

p.o.C CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 
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[1] 


12) 


[3] 
[4] 


[5) 
[6] 


RA 


[8] 


[9] 


[10] 
[11] 


[12] 


y 
PC > Pa.C => P0.C => PwC => P sLC 
y y U y U 


PsC > Pa.s.C => Ps.0.C > Pw.s.C => P sls.C 
fh fi 
Pst,9.s.C —Pst.O.s.C 
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ABSTRACT 
The aim of this paper is to prove existence of fixe 


class of asymptotically regular semigroup T, in LP space (<p? ng the 


condition: 


Da: "af < ax- af tb, (lz -T,x|ly - T,y|)+ Cs lx Alb - Tall VseG 
where a,, b, and c, are non-negative constants satisfying certain conditions. Our 
result extends and improves the result of Ishihara [10], Ishihara and Taka-hashi 
[11,12] and many others. 

2000 Mathematics subject classification No : 46B20,47H10. 
Keywords: Asymptotic regularity, fixed point, LP-space (1« p< 2) 

1. Introduction. Let K be a nonempty subset of a Banch space E and 

T:K-»K be a nonlinear mapping. The mapping T is said to be Lipschitzian if 


there exists a positive constant k, such that 


| Is allle- vh 


for all zue K and for all n e N. A Lipschitzian mapping is said to be nonexpansive 
k tor all ne N., and 


T"x-T"y 


if k, =1 for all ne N uniformly k-Lipschitzian if k, = 


asymptotically nonexpansive if lim ką - 1, respectively. These mappings were first 
n9 


studied by Goebel and Kirk [7] and Goebel, Kirk and Thele [9]. Lifschitz (14) proved 
-Lipschitzian mappings with k «2 has a 


that i ; uniformly k 
In a Hillbert space a [12] prove that in a 


fixed point. Downing and Ray [5] and Ishihara and Takahashi 
Hilbert space a uniformly #-Lipschitzian semigroup with E < V2 has a om 
fixed point. Casini and Maluta [4] and Ishihara and Takahashi [11] Sam det 
Uniformly k-Lipschitzian semigroup in a Banach space E has a commo 


if kcN(E), where AER Merten nasal SIR To. 


a. — 


| ~ 
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In these results, the domain of semigroups were assumed to be closed and 
convex. Ishihara [10] gave the fixed point theorem for Lipschizian semigroups in G 
both Banach and Hilbert spaces in which closedness and convexity of domin wer | 
not needed. 
The concept of asymptotic regularity is due to Browder and Petryshyn [2 
A mapping T:E- E is said to be asymptotically regular if 


Salz, bass 0, (2 


nv 


for all x,yeE. `, 
It is well known that if T is nonexpansive then T, = tI + (1 — t)T is asymptoti- 


cally regular for all 0<¢<1. 
Now we consider the following class of mappings, whose nth iterate T! D 


kel 


for all x,yeC and n=1,2,... where a,,b, and c, are nonnegative constants 


satisfies the following condition: 


x-T"x x-T"»y 


2 
< a, lx Af TA 


T'"x-T^y 


pom p-r 


satisfying certain conditions. This class of mappings is more general than the 
class of nonexpansive, asymptotically nonexpansive, Lipschizian and uniformly th 
k-Lipschitzian mappings. The above facts can be seen by taking b,,=c,=0. The aim 
of this paper is to prove a fixed point theorem for the above said class of 
asymptotically regular semigroups in L?-space (l< p x2). Our result extends and 


improves the results of Ishihara [10], Ishihara and Takahashi [11,12] and may A 
others. of 


2. Preliminaries. Let G be a semitopological semigroup, that is, oe 4 
semigroup with a Hausdorff topology such that for each g c G the mapping $7 E A 


and s > sa from G to G are continuous. A Semitopological semigroup G is lef 
reversible if any two closed right ideals of G have nonempty intersection. In this 


case, (G,x) is a directed system when the binary relation" <"on G is defined bY? sp 


x b if and only if alU aù 2 IRL RG. Examples of left reversible semigroups inclut 
commutative and all left amenable semigroups 


Let K be a nonempty subset of a Banach space E. Let S= (7, :£ € G) Bi G 


D D : 
Tan gi "S from K into itself, Then S is said to be an admissible Ie" 
symptotically regular semigroup on K if it satisfying the following: | 


“9 7 fo 
(2) for easho se ktis quitte: SP) niei. gc into T 


mly 
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continuous when Gx K has the product topology, 
(3) for each x e K, heG, 


halt, x - Ta = 0, 


(4) for each se G 


2 
(2.0.1) [Tx - T, |" < asx- ER +b, (lz Tally - Tall, Ce [E -Tyly - Tox), vs eG 

for all x, y e K, where a,,b, and c, are non-negative constants satisfying certain 
conditions. 


Let (B, oe A} bea decreasing net of bounded subsets of a Banach space E. 
For a nonempty subset K of E, define 


"MB, hal inf sup {lx -y:»xe B, 
iR. L K |» inf(r((B,]x):x Ky 
A[(B.,K ]- e K :r({B,},2)=r(tB,},K)} 
We know that r[(B, val is a continuous convex function on E which satisfies 
the following: 
UR. LT R. Lv <le 7.32) (0,5) 
for each x, y € E. It is easy to see that E is reflexive and K is closed convex, then 
AB, LK ] is nonempty, and moreover, if E is uniformly convex, then it consists 
of a single point (cf. (151). 
Let p» 1 and denote by 4 the number in [0,1] and by W,(4) the function 
AD Ap +a?(1—a). 
The functional ||" is said to be uniformly convex (cf.[25]) on the Banach 


space E if there exists a positive constant c, such that for all à e [0,1] and x, ye E 


following inequality holds: 
DE ASSA bk 
In Hilbert space H, the following equality holds: 
Dep xf cap «(pl MGMP» 


fi C-0, kul Kangri Collection, Haridwar. An eGangotri Initiative 
Or all x ye H and X e [6,1]. 
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If 1<p<2, then we have for all x,y in LP and A e([0,1], the following | 


inequality holds: | 
(2.0.2) pæ + AN sala? + - aP -a-p -e= 
(The inequality (2.0.2) is contained in [17]). 

Xu. [24] proved that the functional M is uniformly convex on the whole 
Banach space E if and only if E is p-uniformly convex, that is, there exists a constant g 
c>0 such that the modulus of convexity (see[8]) 

ôpl(e)2c e” for all 0 <e<2. 


The normal structure coefficient N(E) of E is defined by Bynum [3] as follows: 


diam 
N(E )=i inf E) ` K is a bounded convex subset of E consisting of more than 


one point] where P 
diam K- supl - y||: x, y e K} 6 
is the diameter of K and 


rx (K)= if sop i si 


zb 


is the Chebyshev radius of K relative to itself. 
The space E is said to have uniformly notmal structure if N(E)» 1. It is 
known that a uniformly convex Banach space has uniformly normal structure 


and for a Hilbert space H,N(H)= ./2. Recently, Pichugov [18] (cf. Prus [20] calculated ` 1 
that ar 


lot min!» g-e) « p «o. ei 
Some estimates for normal Structure coefficient in other Banach space? 

may be found in Prus [21]. For a subset K, we denote by coK the closure of the 

convex hull of K. 


3. Main Result. In this section, we give our main result: 


Theorem 3.1. Let E be a LP: space (L< px2)K anonempty subset of EG a. 


: : A 3 
a left eve semitopological semigoup and S = IT, :t eG} be an admissible clas Ne 
of asymptotically regular semigroup on K satisfying the condition: 


Da Elek Fe pes pent 


r. An eGangotri Initiativ, 


Tall Tox), vs eG 


‘collection, 


Ba 
y- ZA 


ng | 


nt 


OR "YT diam(B, (=, 
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for all x,yek, where a,, b, and C, are non-negative constants satisfying certain 


conditions such that 


revi" *(p- 1(1)-1) (27 
2(p -1) ON 


where 


a =limsupa,, y =limsupe, . 


Suppose that (T,y : t € G} is bounded for some y € K and there exists a closed 
subset C of K such that f, cofT,x :t-s] c C for all xe K. Then there exists a zeC 
such that T,(z)- z for all seG. 

Proof. Let B, (x) - co(T; (x). > s] and let B(x)= N, B,(x) for se G and ze K. Define 
te, :n 2 0] by induction as follows: 

EOS x, = AB, (x, ,) Dis, I for n21 
since B(x)c Cc K for all xe K,{x,} is well defined. Let 

Tm SB, (€n )) Blen )} 

D, -r(B.x,) BG.) — mat. 
Now for each s,£ € G and zue K, we have 
Die nf sale v RH s nado -TA eho -TTT-T 
and so 


Dia, T, Jf < a, [e YP Ale Tb mee o - Td s SÉ 


Ic - Tal 
Then from x, e Bis, all BS, 
hashi [1 1], we have 


_,) and a result of Ishihara and Taka- 


(8.04) rn = r((B, (s, Bs.) nint diam(B, (en) 


sm) 


Now Using (3.0.4), we have 


C-0. Gurukul gri Coljactiony Hari yan eGangotri Initiative 
(x. fenem coma varie 


inf diam(B inf sup 
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«lim sup/lim sup||T; £m Tim I 
t s ‘ 
«lim sup/lim sup||T, T — 1x; I} 
t s 
s limsup nanti, = Len IP tb, (Tm = Ty Tx 1 — Tem I) 
t s 


vala, Tons äs 
< limsup|limsuplatf7, am +b, as TT kemben Term) + c; 
ba “nil “pem = Ti es “Tem e Ts A E) | 
Taking the limsupass — o and by asymptotic regularity of T', we get 
inf diom(B,(,,)) «lim supap2 +7(D,, A — Tegal Dr d , 
Again taking the limsupas t — œ, we atk | 


inf diam(B,(x,,))<(a+ 2y) ° p 


m»? 


and hance using (3.0.4), we have 


2y)? 
(3.0.5) Tn S SEED 
O N m? 
where 
limsup a, =, limsup (9, m 


and N is ihe normal structure coefficient of E. 
Again from (2.0.2) and (8.0.3), we have 


paa al D pi A)T, Xm Wee IP AU = Mp = Us 


m+l dt I 
S ER EE ma f 


s Mx, zm T * (1 zx AR: <a Is IR 


E Ab = Tox IP + D — A) E lx. = Tal + b, (a ES Ti m41 Hr = TT Xm |) 


CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


It 


by 


101 
Ka EE "e T 2m | i Da, x TT x, IN Ta = raal bk ll . 
Taking the limsupas s — œ and by asymptotic regularity of T, we have 
TANGAN mer "Be SAT + Ray enses a al) 
Again taking the supast — c, we have 


ra *M-XYp-1)D2,, <Ar? «Q-AXJar? ev, (rm + Dpr) 


or, 


AA 


m ( E. A) (p ke lte < ar? t Yrm (r, + Dn ) 


Letting A — 1, we get 

Ts #(p-1)D? a x (o yr? + Yrs Dua 
or, 

F(t) = (p-1)? —,t- (e -y)- 1; <0, 
where t = D 


m+l' 


It can be easily seen that 


rdi Nen, 


F(t)«0 for all t= 2(p-1) m* 


It follows from (3.0.5) that 


p arte «o1 6 )-9 (6207 p 


mel 7 2(p zm N 


< B.D,,mzl 


m+1 m? 


12 

DEE EE 
2(p -1) N 

by the assumption of the theorem. Since 

x, | SAB, C a) r({B, (tm) tm) 


D 


Ik 


HLL ~ 
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IA IA 


<2B™D, —0 as m -»9, 
it follows that (x, | is a Cauchy sequerce. Letz -lim,, — Ya: Then we have 


[Ex FE TA 


+ 


le Ta sende Tel 


12 
x, Tale Teal) te, es. Tail pel 


sex les Td “AP 5. 


sp ths, Tg des Table, n He 4) ees De de Hs, 2 


12 
<|z—z,|+D, dek, AP 5D, le - 7,4 c (en, - 1 [e - Tale n] ,)] 


$8 m 


Taking the limit as m — o» each side, we have 
lz-T,2]« lim L Im Dm + (a, lx, - sl tb, De, IE 
cb, dak ale ant Dm)“ o 


| for all seG. Hence we have T'z =z for all ; eG. This completes the proof. 


As a direct consequence of Theorem 3.1, we have the following results: 


Corollary 3.1. Let E be a LP- space (L< p x2) K a nonempty subject of E, 
and T:K 5 K bea self mapping satisfying the condition: 


ls) ) | 


mb, and c, are nonnegative constatnt satisfying | 


T'x-T"y 


S sa, |x- yl? +R. To 


prs 


pr 


for all x,y e K and n 21, where a 
D LO e 
certain conditions. Suppose that f "uns 1} is bounded for some 3 e K and thet 


exists a closed subset C of K such that 9, co[T*x bs nbc C for all x e K. If 


i 1 
T= VY Ap D(a--7)-1) (a + 27)? j | ! 
LP e YEN ler alt 

2(p—1 TAS 
where | 
a = limsupa, , Y5limsupe,, l 

n-o ND 


then there exists a point z in C such that Tz=z, 
By Therorem 3.1 and equation (**), we immediately obtain the following: 


[ 
eft 
Theorem 3.2: Let E be a Hillbert space, K a nonempty subset of E, C ? : [ 


m 
reversible semitopalogical semigoupianich. Beta. ^p ecereopidntisi"hdmissible class ? | 


ing 


ere 
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asymptotically regular semigroup on K satisfying the condition: 
2 2 
[P= - Tool!” sse p tee Lay TA): cle Ty TA) vs eG 


for all x,y K, where a,,b, and c, are non-negative constants satisfying certain 
conditions such that 


em Y? Allo - y) - 1) RLS, m 
2 NI 


a = limsupa,, y = limsupc,, 


soan $0 


where 
Suppose that (T, y :t e G} is bounded for some ye K and there exists a closed 
subset C of K such that (|, cofTix:tzs!cC for all xe K. Then there exists a 
zeC such that T,z =z for all set 
If we put b, =c, =0 and a, =k? in inequality (*) of Theorem 3.1, we get the 


following results as corollary: : 
Corollary 3.2 (see[ [10], Theorem1): Let K be a nonempty subset of a Hillbert 


space H,G a left reversible semitopological semigroup, and S ={T,:teG} a 
Lipschitzian semigroup on E with limsup, ,,,k, < V2. Suppose that (Ty:te G} is 
bounded for some yeK and there exists a closed subset C of K such that 


N, coat» aleg for all x e K. Then there exists a ze C such that T,z=z for 


all seG. 


Remark 1. Theorem 3.2 extends and improves the corresponding results 
of Ishihara [10], Ishihara and Takahashi [11] and Downing and Ray [5]. The SS 
is that the above authors have considered Lipschitzian of uniformly SS 
semigroups in Hilbert space whereas we consider asymptotically regular ip : 
satisfying the condition (*) which is more general than Lipschitzian or 


Lipschitzain semi c 
E EE in the 
Remark 2. Our results also extend several known results given 


literature. a 
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SEQUENCE 
S AND THE 


ABSTRACT 

In this paper we establish four integral formulas involving a general 
sequence of functions, a general class of polynomials and the multivariable H- 
function. The results established here are quite general in nature from which one 
can derive a large number of (known and new) integrals by specializing the 
parameters suitably of the various functions involved therein. 
2000 Mathematics Subject Classification No : Primerey... secondary 
Keywords: General sequence of functions, General class of polynomials. 
Multivariable H-function. = 

1. Introduction. Srivastava and Panda [c.f.,e.g., [10], [15], [16] and [17] 
introduced the multivariable H-function in a series of papers defined and 
represented in the following contracted notation ([15], p. 130) 
O,N :m,,n,;... Da 7 (a, peu. ead 1 


one BR: Di Pr, DOE UMEN DOM ze 


Zr 
e i Gupta 
to denote the H-function of r complex variables Z,,...,Z,- See Srivastava, Gup 


and Goyal ([18], p.251, Eq.(4.17)) for details of this gene A ody 
A general class of polynomials occurring 1n this pape 


Srivastava [[20], p.158, eq.(1.1)] defined by 


[n/m] (1.2) 


(- gl k n =0,1,2,..- 
». Aa an mo L 


k-0 


sf 


ffici n,k 20) are arbitary 
Where m is arbitrary positive integer and tho coomani ^ 


Constant 
5, real or complex, | Kangri Collection, Haridwar. An eGangotri Initiative 


z = 
106 


By suitably specializing the coefficients A, the polynomial S ME [x] can be 


reduced to the well known polynomials. These include among others, the Jacobi | 
Hermite, Legendre, Tchebycheff, Laguerre polynomials. 

Agarwal and Chaubey [1], Srivastava and Manocha [21], Salim [13] ang 
several others have studied a general sequence of functions. In the present paper 
we shall study the following useful series formula for a general sequence of functions 


Ro” [;a,5,c,d; p,q;7,5]= KEE AEN 


v,u,t,e,h ...(1.3) 
where 
n U n t e 
- YY Jat «Ls- kn q(h 4v) pt (14) 
U,u,t,e,h  v=0u=0 (=U es hz0 
and 
m-tpn L u+h j6n-v-h 
v(v,u,t,e, h] = b?" R'a'c d" O) (t) (a), ! 
» kulultlelh! 
C ES yn), (-p- ôn), (v — 6n), per X 4- qu 
Pa iR) 
(Lr) es 
By suitably specializing the parameters involved in (1.3) a general sequence of 
function reduced to generalized polynomial set studied by Raizada [11], a class of 


polynomials introduced by Fujiwara [ 
Rainville [10] and several others. 

2. Main Inte 
First Integral 


Panja sea 


5], a well known Jacobi polynomials given in 


grals. In this section we establish four main integrals. 


P 
Ree eru cd E 
Vra R 0 pay 


kel Jee! A 


[iim]. ` 
2 R, ( —\1-2(a+ar+ps) 
uwweh i-o P d Duebel a 3i 
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ail s fa e o] "m z (la +) | 


.(2,1) 
where 
0,N+1:m,,n mn 
HY E, Sak 1 : ; S 
P+1,Q +1: Bd p,q, 
2 3 (-a-ps: Lt (r) Je ` (r) Je) 
E g” PS; Piso Pr aj AGES Qj " mes Ms act Vj Le 
z,| a - at -psipi sp, 058, BEL RE, iaa) |“) 
Provided a,b,o,p and p,(i-1,...,r) are all positive Re («)>0 and 
RN Lat ds E »0 
2 D 5 Pi 1 
where 
d? 
= min Re >0 (2.3) 
SEED S 


The infinite series occurring on the right hand side of (2.1) converages absolutely. 
Also w(u,v,w,e,h) is given by (1.5). 
Second Integral 


aT asas X e, d' „f 8; PGs | 
RIL x 26 


of+ps 
m t 
= pope Bit Y Se v,w,e,h ms aa EL AE) 


u,v,w,e,h 1-0 


Ba É GA 
“BI sej 


Where 
up 2 n SE £de BU PR Cobain. Haridwar. An eGangotri Initiative 


— M 


0) : 
=| 1E a =o’ —psipy.. p, (aj Gy OD ^ : b | 
_ er Pao K 1n D RECEN (25) 


Rela)» 0, Re(B) « 0, Re(a “ot + ps)- Mi; «0 


izl 


Third Integral 
irl SEN l-y P |-xy sx) 
hh iss Ga I-xy) (I-xfi-») nl 
Aal Ha eee 
Rp || —— L f, g; p; y, 
I-xy 

Pi bi p. c, 
H digo Jey Zi E =) cr 2 andy 
JLI O LAO Lem 1-xy 


: : [nim] P 
- y » ( ay A, wl, V, Ww, é, ie, E SEH | ...(2.6) 
uwweh (50 5 


where 


(3) U.N m... mi n, 
His polis, |= Heli 32:5 


2 ST ORANE spit K 
,Lca-B-ot-ps o. sel be b. RTL (2555), (tuat?) 


JI Agr 


GI 
where 9,£,p;,9; > Oli = bel 


and Rela) EE D 


t=] 
[5; is given by (2.3)] 
Fourth Integral 


L f Toll Ue SES d Ea I Rl d^ Pa "ad sound] 


as 
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Hy (Ix (y Pig TUN Di s] dxdy 


Tan (- n); 


ps ce. 


uve. (50 


f(z 21 PN ka di 
..-(2.8) 


l 
Aue ML Blank spem... (ape 


where 
Hf ln - zy, (1 zem | 
U.N 4-2: Ma, ny; M, N, 
p*2,Q*1:p,qy..;p,q, 


all -zp*- (i : , 2 
; —056,....0, ),(1 Bopen, lee, a Kal Jil 
: " P, 


Provided that f(z) is so chosen that the integral (2.8) exists, c,0,0;,0; > Oli —1,...,r) 
and i ^x 


t=] 


Re(a)+ 3 p;£; > 0,Re(B + of + ps) Yo, >0 
t=1 


where €, is given by (2.3) 
Proof. To establish (2.1) express the general class of polynomial S7(x) general 


Sequence of function RAF [x,a,5,c,d; p,q;y,9] on the left hand side of (2.1) by its 
Series (1.2) and (1.3) respectively and the multivariable H-function in terms of 
Mellin-Barnes type contour integral with the help of ( 1.1). Change the order of 
integration and summation (which is easily seen to be justifiable due to the absolute 
Convergence of the integral and sums involved in the process) under the conditions 
mentioned with (2.1) and then evaluate the resulting t-integral with the help of 
(2.10) a known result given by Gradshteyn and Rayzhik ([7], p.289, 8, 197(7). 


i -2a Ta—1/2 
L x 2(x+a)*(x+b) dx= dalla + 4] ur ^ 
...(2.10) 


: [where Re(x)» 01 : S 
| nd then interpreti eane atis elt SG? erre at tto 


"m 
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right-hand side of (2.1). 
Tne proof of the formulas (2.4), (2.6) and (2.8) are similar to (2.1) in which 


we use the following results ([7],p. 339, eqn. 3.471(3); [3],p. 145-243) | | 


Lac? (ee dx < Pap Te" ... (2.11) 


f f? (i-e (1 - y"! (L- xy) PY dx dy = Blo. p) ...(2.19) 


La - xy ( E tax dy 


- Ba), f Fa 2) Pig: ...(2.13) 


instead cf (2.10). 
3. Special Cases. 


(i) On setting g=p=1 and replacing B= B/t, f by -« and let k, =1 in (2.1), we 


4A rr orn 


get an integral involving general class of polynomials, generalized polynomial set 
and the multivariavle H-function 


TE (re ay * (re by s" | —— j 


p 
GAB t 5 rn 
D (ean) 39,Y20,€ ,d ^ : 


leal leet) “Je 


[n Im 


Jen I-2(a+ol+ps 
S En Alba we nf + E] ^ Eps) 


uv,weh (50 


IW EE db ^. z YA +)? | (3.1) 


HW) 


The integral (3.1) is valid under same conditions as given for Integral (2.1) and 
where 


Ae, EE p 
vlulwle!h! 
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and s=kD+q(h+v)+w. 

On applying the same procedure as above in (2.4), (2.6) and (2.8), we can establish 
three other integrals. 

(ii) If we set D-y-d'-1-c- 0,k=q=6=1 and z0 in our special case (i) 
then the generalized polynomial set reduces to unity and we arrive at the result 
obtained by Gupta [8]. à 

Gii) ^ Taking n—-0,A4,, =1 in special case (ii), we arrive at the results obtained 


by Chandel and Jain ((21, p. 1421, eqn. (2.1), (2.4), (2.5) and (2.6)). 
(iv) Also, the result (2.8) is capable of yielding certain double integrals by an 
appropriate choice of f(z). Let us take 


Tel G3 RD k28 2)IN(2.13): 
substituting this value of f(z) and evaluating the Integral thus obtained on the 
right hand side of (2.8), we get the following integral using a result in Erdelyi et al 
([4], p.399, eqn.(4)): 


f, jy xy! - 9 P22 Arhar) 


Sr la -yf hae? |a Pa af e 0.015) 
Hp - x Pa ana) ly) za day 


[n/m] es , 
( Bia Anyu, vwe, hS H as 22s] 


u,u,w,e,h 1=0 


where 


FM yip H. 
z,]- HON m; ny 


5 
EB sn. zv [z 2552 P43,Q*2: p, d, P. 9, 


Ay -050;,.49,),(1- B- 06 — Dën, 


(1-0 -B—lo—ps +24 lp, +91),---(0, to.) 


Zy 
r ey - dari ye) 

[i-a B8, -toparman p ne e aa zé nba 
ID gh dj EN Jet, 

1-a—B—8, - ta-ps-As;(py +1 ssl +07} BB PN ARA a AL. 


provided that Re(5,) » 0,RelxtB#4otpst2)»0 and 


Re(5,a +B+lo+ps+2—2 elef 
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Several other new results can be obtained by specializing the parameters involved 


in the result (3.1). 
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ABSTRACT 
In this paper, we evaluate the system survivability of acyclic multi-state 
transmission networks (AMTNs) with vulnerable nodes(positions) using the 
universal generating function (UGF) technique. The AMTN survivability is defined 
as the probability that a signal from root node is transmitted each leaf node. The 
AMTNS consist of a number of positions in which multi-state element (MEs) capable 
of receiving and /or sending a signai are allocated. The MEs located at each non- 
leaf positions. The two MEs located at first position. The number of MEs is not 
equal to the number of non-leaf positions. The AMTNs survivability is defined as 
the comparison of two networks. All the MEs in the network are assumed to be 
satistically independent. The signal source is located at each network. The number 
of leaf positions that can only receive a signal and a number of intermediate 
positions containing MEs copable of transmitting the received signal to some other 
nodes. The signal transmisson is possible only along links between the nodes. The 
networks are arranged in such a way that no signal leaving a node can return to 
this node through any sequence of nodes otherwise we can say that cycle exists. 
2000 Mathematics Subject Classification : Primary 62N05; Secondary 90B25. 
Keywords : Acyclic multi-state transmisson networks, Multi-state, Survivability, 
Vi ili i enerating function. 
pesquero Ets transmission network (AMTN) E a 
generalization of tree structured. The example of AMTN isa zadig relay oe 
where the signal source is allocated at root position (node) and receivere ET 
at leaf node. The retransmitter-generating signal situted at each station o E o 
i i i ext stations. The AMTNs consist 
relay stations, which can transmit the signal to n EE 
of a number of positions in which multi-state elements (MEs) cap S receiving 
and /or sending a signal are allocated. Each network has not position where the 


i i ber of leaf nodes that can only receive a signal 
Signal source is allocated. The num ip md MEER 


ir 
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that a ME is in specific state is a random event. The probability of this event iş 

assumed to be known for each ME and for every of its possible state. é 
This paper presents the comparison of survivability analysis of tw, ! 

networks. The MEs located at each non-leaf position, the two MEs located at first b 


position. The number of MEs is not equal to the number of non-leaf positions. The | 
first network which has two MEs located at: first position and other non leaf 
positions of this network has only - one multi-state element and in second network, 
the MEs located at each non-leaf position. If signal transmission is not working h 
condition from root position to each leaf node then the networks fail otherwise 


whole network is working condition. Malinowski and Preuss [9] discovered that 2 
the acyclic multi-state transmission network is a gerneralization of the tree- n 
structured multi state systems and Hwang and Yao [4] described the concept of (i 
multi-state linear consecutively connected network and studied by Kossow and n 
Preuss [5] and Zuo and liang [10]. Gaur and Chaudhary [1,2,3] earlier studied for 
reliability evaluation of acyclic multi-state network. The algorithm used in this o 
research work is referred by [6,7,8]. In this paper, we consider the case when the 
MEs allocated at the same mode are subject to a common cause failure. When a SÉ 
| system operates in battle conditions or is affected by acorrosive medium or other 
hostile environment. The ability of a system to tolerate both the impact of external at 
factors (attack) and internal causes (accidental failures or errors) should be 
considered. The measure of this ability is referred to as system survivability. The m 


two MEs located at the same node in ATMN can be destroyed by a single enternal he 
impact. An external factor usually causes failures of group of system elements 
sharing some common resource (allocated) with in the same protective casing 


having the same power source gathered geographically, etc.). Therefore adding Ü 
more redundant parallel elements will improve system availability but will not be 

effective from a vulnerability standpoint without sufficient separation between Ü, 
elements, ; 


| duo paper is organized as follows : Section 2 introduces the model tha! is fu 
the acyclic multi-state transmission networks model. Section 3 is devoted 1? frc 


Survivability of AMTNs using universal generating function technique. Section’ Ste 
presents the Disussion and Conclusion. 


[ y pri 
2. The Model. In the model considered here, the MEs located at each mu ` à 
y M 
leaf node CD sts N - M ) where C; is the non-leaf position can have K; differe”! 
states and each state k has probability P5... The signal can transmit from n» Fo 
th co] 


leaf node C; to the nodes belonging to the set A. The ME cannot transmit 2 ig 5 
i lbh 


to any Tode ` Jack cberronheceistts bar CORSI ERI and in the ca^" Dm 


"Values §,,(1),...,5, (i) in vector 0, for U;(z) 


115 


operational state P, , = ^;. There are D available MEs with different characteristics 


; I d Ç 
with probability D, : A signal can be transmitted by the ME located at C; only if 


D 
it reaches this node, such that ZS, 7l where ME d(l<d< DUSCHE Gs 


have K; different states. The states of all the MEs are independent. The existence 
of arc (CC e E means that a signal can be transmitted directly from the node i to 


node jC;:C; e^; if (C;,C;)eE where j>i. The number of leaf nodes M: p = 


{Cy ya pss Cy T and N is the total number of nodes in AMTN {note that such 
numbering is always possible in acyclic directed graph}. 
The MEs located at C; if some ME n can provide connection from C; to a set 


of nodes 3. and ME m can not provide this connection, the state corresponding to 


set à, can be defined for both MEs, while PD, #0 and Pir, #0. 


The system survivability S is defined as a probability that a signal generated 
at the root node C, reaches all the M leaf nodes Cy y, 1,...,Cy- 

In general, the resulting polynomial contains 2M.1 terms. The suggested 
method can depend on the moderate values of M for solving AMTNs. We determine 


here UGF technique, obtain U, (z) for each node C; using operator 0 


7 V d LV; D D 
D i (z) E ( Taz” | = a az“ + pz? : U, (z) (u-functions) is obtained, the values 


C; are not used 


Um (1)....,0;, (i) representing the presence of signal at nodes C,,..., 


further for determining D. (z) for any m>i. If the signal can not reach any position 


from Cr», to Cy independently of states of MEs located in these positions then in 


state k, va (i +1) =... = Vip (N)= 0. The only thing one has to know is the sum of 


IT lace all the 
Probabilities of states in which these paths exit; it means that we replace 


with zeros and collecting the like terms. 


ving the U z the vector Uis; U d 
d D 


-0. Gurukul Kangri Cpllecti Kawah. An sindia&dast determine 
survivability S, first calculate D, O mae 


(octo ÁE A NN - ——— 868 
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the coefficient of the term of dë vel al Ito 


N-M+1<sj<N. 

3. Survivability of AMTNs Using Universal Generating Function 
Technique. Let us consider AM TN with N=5, M=2, presented in Fig. 1. u-function 
of two MEs located at first position C, and other MEs located at position Cas 
individually and in Fig. 2 individual MEs located at position C,,C5,C;. | 
Case-I. Consider, for example the simplest case in which four identical MEs should 
be allocated, here the number of MEs is not equal to the number of non-leaf node. 
When allocated at node Cj, the MEs can have four states : e 
* Total failure: ME does not connect node C, with any other node (Probability 


of this state is Du = jak, = Py) 
* ME connects C, with C, (Probability of this state is Pig) = Pip} = Pig) ) 
* ME connects C, with C4 (Probability of this state is Pig) = Pig) = pij) 
* ME connects C, with both C, and C, (Probability of this state is Ps ai Z 


Dina = P3023] 1 


When allocated at node C», the MEs can have two states, 


Total failure : ME does not connect node C, with any other node (Probability 
of this state is Pay): : 


ME connects C; with C} (Probability of this state is Pa{s}) and C, with C; 

pagi: and Cp with C and C; is pss a), : 

When allocated at node Cz, the MEs can have two states 

Total failure : ME does not connect node C, with any "er node (Probability 

of this state is ps, ) i 
ME connects C, with C, is Baan, 

he. The probability that each node survives during the system operation p^ 


L 

et us suppose that Du =p, there two possible allocations of the ME 

with in.(Fig. 1): d 
(A) Two MEs are located in the first position 

(B) and other MES located at second and third position. 
When both MEs ae-allocabedasrrcolnation. (eri An Gapgot Initiative 
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00000 00100 1 01100 
, 


1 
ulz) = pig + pig pig + ply ae 


00000 , 2 01000, 2 om 
us(z) = D + pily + Pilz Tae aep, 


e 00000 00100 00001 , 00101 
Ug (z) = Po42 + Pata t P»)? t Pags 


" 00000 00010 
Ha (z)= Paz + Datz e 


Following AMTN procedure we obtain, 


01000 1 00100 


Quy 1 (2) up (2) = Olpi 299000 ar Pig + pig a PA Sa LA 


KD 
+ pi z 5100 + pig ae) 


= pl pie + (pt, po + PiayP) + Sin ie 2 (pl Pies) + Play + Sai, 


+ plgypig 20 + Lol, Saa + Pii Pra) * PigyPi ts} * PigyPi) + Drap ai T 


2 00 
Pipa Piy ar Pigs)Pip) ar Bisai pis aiz" 


2 2 
= pl pls + (pl pda + plan + Piopio KT + (pl Sat + iE 


2 2 
+ piapia E + (po aL pie -Pie - Pipa) Sage + PigiPibal * 


2 1 
Pits} Pita} + T + Sie allt — Pig) - Pii - Saal Piga)Pig) * Pia] 


01100 
Pits} + Pipes} Pio ak , 


n Lo 1 2 
= pl plz" + (pi pin) + Pipe + Pippie «(pls Pio) + Sa? 


pig) pig Z BE ge 


c 01 
U, (2) = O(c, (2), 242 (2) = (s Opi Hra E iu o (pl Pie} + Pip} t Pop, + PipjP Y 


j 00 2 1 2 
tapi pia + Gar + pipi E" +alpiea Bia + 


2 01100 
D'RL) * Dig) 3 glana b : 


aS 00001 00101 
T(z) = 6(u4(z)) = (B+ apen E A open topas TOPS > 


T(z) = olus (2))= (Ga grak 


00000 22000104 
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Now, U, (z)= Us (2), 
- 5 12 IET 1 ,2 Lamm 
dl eol pia) + giat, + Pip" + a + Pipis Pipik 
2 01100 
pda + Haze + Pipi) + Hisa) Pip, ik 
pll < Yol: (2),02(2)) 
1 2 il 9) » 9 kom (pi 2 at dea n] kam | 
= Wap po + Pifo}Pig + Pie Pio, + OVP 19 Pis) + PiP + PiP) | 
vol + Pippie + Pippie) + Pies- me a t 0 (B+ apa je + 


apa 700100 | op; 779! e apaes") 


= epi pie) x Pip P Dap {2}P1 el + Op», JS Je e + {op}, pl; us Disi Da 
T Sail N apa) ne lra? Lira * Pig Pig + Pig) Pi 3 jp, e"n a alb, a 
"RPS dai: Pip, a- PiesPies m +apa)+a x + Pig)Piio) + Pil 
"nd - PlesyPitos) pus] +a? (oh Ra + glah, + py Pig) ajay p” + 


2 1 2 1 2 1 
(pipit + Played + Pipa gn ea fo? (p39) + a + Pik 


1 fM 2 
"rat "Safe OR phot) + piep, + Pit Pie} Paes) o (Pia 


1 2 1 2 
+ Pig) + Paisa + Pig) = Dip, 3} Dip. 3 ips 8 pe, 


= 1 2 1 2 
fool pa + Pippi + Py fo} pra lp + Gp», Jiz Jk 01000 , biz, e 3 plep} 


+ plaga la: (ol pd LT Dip, + Dis Pila oss * p (gj): 00200 , 


lih, at Pipis + PityPiy t Pip, a" 


M. e 


Pipaypi 1, ale Ce * (pis. 3] + PigyPiis 


+ Diggs Din + | 
1{3}Pifo} Pita P e, alba + Pat) Le ale Sach + rss] 


Jes eo * an + Pip Pil) 


+ pigjp? {2 ES Pinay Plies EEN + Pata, al 
qp 2 (pl, p GEZ 
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7 = 1 2 1 
00,(e))- aplat, pta + Pai, + piap l LR, * Drift + Pin ët T Phos} 
1 2 2/1 2 
- pleal ai le (ppi + Susi, Sigi (play Plepa + pli 


00100 


+ Pils} DEET CH * D3))* (pl Sin + Dim + Point patas! 2 
å (pipio * Pig Pis + Piala pagg p ii b" (Pisa + Pig Pii) 
+ Pfs} Pii) an Pai - D atb ai (Pals) + paia atl 
+a? [pii pii + pieh + gla pales e 


Us) < ales) 
2 pg b e XU UNE) ) (p? A do vi 2 Thee 
= [ael pipi + Pii, + Prts}Pifa})+ Wils) + Pit)Pi) + Busi Brat + Pita) 


Pitz)? fea) s “(irit + Hai + BRID i} (Pe, 3) + Plein) + Bisi) 
+ Pis} Po Peta) Pz * pail * (pl Sin 5 PipyP + PePe po + aps.) 
200100 e B+ (B+ aps, Lekt + Dei + Pippi AN na it + Lat AN 
(p223) + PipyPig) + Pigi Pito) + Dip) = Dip jin} Pate} a Pags) + eil * op, 
(pi, Sie + Së + Sapiulku ali? a patas Pa t Sinn * piai DRI 
ar Pit) T plesi P rea Tu) + Pags) + i? psu (D4 Pi} * PipoyPis ai Dip Pi Pasi} 
211 4 psu (pi, pq) + piopi + Plento) (Pies) + Pippis + Sain 
+ Pig,3) FI dn ap ah o? psa) PH Sint T Pipi * pipi) lei a 


10-2 1 2 
+ pipgyPig) + PigyPig) + ipa)" Pigs) Aon 7 pag)* (pi, Gin + Pip}Pig 


+ T ki? 


T een (e eE 
-—bëlai, pig) + Gap" plui) Pis) + Pipit) + Dn * Prea) 


2 1 2 1 2 
P * a (pinta + Piep + siaga lr (pian + Pipe) * Hai 
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[G + t? (pl, pi) pipit ply) + Pilea) + slarl + San + 
+ Pies} PlosiPiosdo* Spe moa etm fa? (p323) + Pipa) 
+ Pii * Pits) - Plies Piea) (Pze) * Peeps * ^ (pi Pig pipi, + 
Pte) ossa KT [pd Ha + Pimpi * glari + (piesi 
+ pippi + Hang" Pipes} PT (Poa 7 pl Blue * | 
a [pi Pi) + Ha" glan sot] E | 
«s SIE b (P,P) + pit Cé * Bista. 3}+ pig, ai GE 23 \+ pli spl) i HRS 2 | 
T G Kran + papsi) + lotion) + piepie + Pipin + 


Pip) G nee ER ar Pap alba ta? (p! poy T Pig Pi ar Plepa) 


Pap stat "a "ehe (pl pie) + PR + Sapiuls Leo ar ar Pla 13) 


+ PiyPip) + Pitas) — Pip sy.) Je pa y Pot) Blad +a’ (pl Su ar | 
Pipi Pig) Sebaa Ps De 
e e)- erup x (ig + 2 Pita} + 2P19)Pi(s — ig + Opa, Xp; 5} T potas) 


zm p? Crip + 2pP:)Pi(s) Gs (pig. You * Pap alba ta? pipi) T 


(ruf lbag SC? ch rupi) *(ngy)s Una * 2p) — (riga) 


MM 


ks, ED sly Bhat) +a? pupi Y (ou NECS 


C efficient i i 


S = E pisa TRP RR (Pips Poss + Pat, de TRR Ra «(pus ) ) 
Dat sët) 1 | 


=a dÉ Dsait SHG p paid an ees ate 


Pit) = Pits} — p:63) 


121 
Pe + (Pun P lasa aipai | | 
5 20° Pispala Pas) + Patas - PrtopPotos1)-@ (Puoi). peta bats + Doig) : 
| + 2a? py Pau) Pit Pots) + pag ail € PitoyPas,5)Pata) (Pio) + Ze ail | 
S EPwoaiPsta Pus "Dobai" PiP2(o})- (piga) Ps) outs az Pags) | 
+ 2 Piia) Pata Prop + Potosi) Putat Pstal Prt} + Zus | 


2 
| 
| 
| 
| 5 
| | Fig.1. $ 
Case-II. Let us consider AMTN with N=5 and M=2 presented in Fig. 2 individual d 


here the number of MEs is equal to the 


\ 
f AMTNs For The Survivability Analysis. 
| 
| 


MEs located at node C}, C5 and C, are, 
number of non-leaf positions. 


| U,(z) ët, (2))- (B+ ap EE apip + apis + apps 
| T(z) = elu, (z)) = B+ ob», 0000? + apap + apap + apps 


T(z) - 0(u,(z)) - (B+ apse” + aps 


Following the consecutive procedure, we obtain : 


aa 
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^ 01100 
dp, (2))= apee tape tapip,3)? SC 


Gas) 
0 
& lan, sz sopa? apis s oa, E" 2 apos? 100 


00001 00101 ) 
*üpygz ` "Gab" 


E op B4 op; KIT ar CANG d apa) + ANA er” ar (op. (g + aps.) 


ré Daf? eeben KIT to pippa ` 7 kippen? * 
o? ym ( 2 2 J jonon 
+ Puss}Pats.s} Ha pR aiaa) FO Dias T € Pit.syPotos] : 
| z Opi Pt apa, FIN 2 (Bp. iu o? pug (Poo + pig) + (aBp, "PES a? p, 2,3) 
(pa + Pani) a pipa ki? +a Pimpa ` 7 (s pios Po t m) 


Lena EON 


= opi) 4 op, 21 E aB pua) * a? pits (po, n naiai l opp) + 


2 2 
ok iban + Pag) +a PA an RTI * o? pust n +a? Pigal Pots) ES P») | 


: | 
+0” Pipp Ana 


oU, (e))= OA + a? pupa, + Pata) ABP fo at + o? py s Pos A pail SC 


00100 2 000 
Z +a PigyPo(s 01 


Ü 3 (z) = “gu, GIG, 


= Hopp ta? 
13) Psi pos * Pot) ODpi6.3 + o^ p, gal Pap A Sal ta? Pie} Sol 


2 \ 
+ la Pigs) Pot) + Bop att a2 Pi) pros) eon. ( 


700100 , 2 00001 , (2 : 
Pipe + (o Piton (Dot t Djs) Q^ Dios moo 
p a op, p E op: 99!) 
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MATE T PN Titae kan x 
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3 
(o pailai + E a py Pos Paz an ae (a Bpi F o? pug (Pop A mel 


2 
ta BP. (Poo + Sol EEN 


di e) C (o Pipal E Poss) oppent + Ops, km - ( rive 


(Pas d d a’ pygjPops]) Psi + (Bp) T a’ Pris) (Pog + Pot) 


2 
ta Ppisa} + o? py a Pos * Spil o pgs) psa e. 


The system survivability is equal to the coefficient corresponding to the single 
term of the polynomial 


S,- (o? p. outs S Patas) G^ puo) Pat) 2 
Since Poy + Pots] + Patah + Bopa = 1 


G (epeal "Bim" Sail a? paip al Pata : (3) 


By comparing eqns. (1) and (2), one can decide which allocation of the elements is 
preferable for any given C. Pus at: Pat Pi» Pita) and Pos! + Dobai, Condition S, 2S, 
can be rewritten as, 


TE 
2o? puo syst Pat) + Po{s.5} — PE a? (nal Patut Pats} 3 Patas) Zo Dug Dail 


i 3 
(Pits) Pats} + P»5)]- o? pug Pots Pata) Pap) + 2p153)) 2 (a Pigal Pai OF Paps) 


i o? paiba si) Pata (4) 
Equation (4) present S, 2 S. as function of variables P1{2,3}P3{4} and (Pots) + piu 
es lower system survivability than solution II, when the values 


Solution I provid ovens 
n II provides lower system survivability 


of a located below the curve and the solutio 
hen the values of a located above the curve. 

4. Conclusion. This paper is based on universal generating function 
lving the survivability of AMTNs. The resulting polynomial 


the suggested method can be applied for AMTNs 


with moderate values of M where M is the number of leaf nodes. ihe algorithm 
which is used in this paper for solving AMTNs survivability of MEs in which the 
nodes vulnerability is taken into account. The networks are arranged in such a 
way that signal transmission from root node to leaf node. The paper suggests a 


than solution I, w 


technique for so 
contains 9M _] term. Therefore, 


UU 


(2] 


[3] 
[4] 
[5] 
[6] 
(7) 


[8) 
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ABSTRACT 

In this paper, we wstablish a new integral involving general polynomials of 
Srivastava (1985), Laguere polynomials and integral function of two complex 
variables of order p, given in Dzrbasjan (1957), based on the properties of Fox's H- 
function. This Integral is unified in nature and acts as a key formula from which 
we can derive as its specials cases, integrals pertaining to a large number of simpler 
special functions and polynomials. For example, we derive a few special cases of 
our integral and main theorem which are also new and of interest by themselves. 
The results established here are basis in nature and are likely to be of useful 
applications in several field's notably mathematical physics, statistical mechanics 
and probability theory. 
2000 Mathematics Subject Classification : Primary 33C70; Secondary 33C60 
( Keywords : General polynomials, Laguerre polynomial and Fox's Hitunctions à 
1. Introduction. Srivastava ([11], P. 185, eq.(7)) has defined and introduced i 


the general polynomials 


uvi] IVA Uya, US vere MUN EUN 
| Spey anta = = o E R? apa -XR (1.1) 


A ` ect Rt 


where »..» are arbitrary positive integers and the coefficients Ab, bh: Hl 
pet. 


are arbitrary constants real or complex. ; ' 
The Fox's H-function is defined in terms of a Mellin-Barnes type integral as 


ech Lf ach pelr den eGangotri Initiative (1.2) 
(OB, hess bo Pa 2nQ ; 


m,n 
H. z 


mei se 


| n (1) 
Where 4(s)= = x P 

TIr6-5;«8,)] Ir; -,5) 

jamil Jena 


a w= JL „z # mAn empty product is interpreted as unity. Also m,n,p and q are 
integers satisfying 1<m<q, 0<n<p, U 21. p)B; = 1..,d) are positive 
numbers and oi p), b; —1,...,9) are complex numbers. L is the suitable 
contour of Barnes type such that the poles of r(b 1-8 nu = 1,...,m)lie to the right 
and those of I'(1-a j*& el j=1,...,7) lie to the left of L. the Integral converges if 
3-093 TO Haji Zb: X5 =B>0 
jal ja jal Zenit ja ^ j=m+l 
and larr(z)Bn/2. These assumptions for the H-function will be adhered to 


lan.) 


C where kal stands for 


throughout the paper. E 


(,,0,),...,(a,,a,) and Jl, B, )) stands for (b B.).... 5,8, ) 
The symbol A(m,n) represents for the set of m parameters: 


n n+] n+m-l1 
nee m 


m m m 


za 
Let F(z,.z,)= ps aer OAI 
morgen Mana! 


be an integral function of complex variables z 


M,(r)= enak JF (1,22) the maximum modulus of F(z 


As) 
Dzrabasjan ([4]. P 257) has given the followi 


ng definition of order: 
The integral function F(z,,z2) is said to be of order p if 


log log M F (r) 
logr 


2 First Integral. In this section, we evaluate the following integral which 
will be reguired'in our Investigation : 


1 and zo Denote 


lim Sup. =p(0<p< co) (1.9) 
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x Ey 28° (^(8,-y = 0)1X^(8,c "ME 9)-fa, ol 
P,26,q+5 (b, .B, LAS -y 04 k),1) (22D) 


where $ is a positive integer, A<0,B> 0, [arg z « Bn/2 and 


R 
Re(y+0+1+8(b, /B,))>-1(j=1,...,m),0=8) k; and 
jal 


Wi] & | Cu;),, ach 
Liw nd Doe NETS Daan A[U s Um lk 

Kel kp-0 Zell ` Ce 
Proof. To prove (2.1) we first express the general polynomials by (1.1), the H- 
function by (1.2), then change the order of integration and summation which is 
justifiable due to the convergence conditions mentioned with the integral and 


evaluate the inner integral with the help of ((7J, p 76), now using the formula 


r(1-«-n) | (-1y T (a) 
r(1-a) T (a. n) 
and the Gauss integral multiplication formula ((5J, p.4) we 


hand side of (2.1) after a little simplification. 
Let (ul O,largtil« Sch -12): and let 


arrive at the right 


3. Main Theorem. 


< a, My n; 3 < 
F (z,25)7 53 S SE be an integral function of two complex variables z, 
DG 


ny 120 


and ze of order e(0 « p < o») then for arg 6, -arg 65, we have 
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(DU. 
Provided (i) Sisa tive integer 
(ii) A «0,B < 0; |arg(z) < Bx/2 
| 8 (iii) Rd reo MAA RAM 
(iv) The series in (3.1) is uniformly and absolutely convergent in a suitably choosen 
domain. Nc 
Proof of Theorem. Let us first take Re(a)» 0 and consider the integral 
Imale) frr emat Eis ca 4 
Sj [ya (ey s.a ns] 
He” ô op ko al nen 
x H77 | za! (x, + x2) lo B ) xi x dx dx, 
725g x] 
where ò, n, and n» are positive integers. Changing the variables 
Ka =t(1-u),x, =u,0<u<10<t<o 
we have 
= [^ [f pm +m+70,-at” wl 
Sekt [ preme ike et Doe]. n | 
xH” doe any ero) H ) A(x x ) S 
-u)'u^ 2) 
Pa bel EIS dtdu 
| E 
=| (gamta r(o) 4p De Ve | 
- L e (Xo t ES L th lat? Jemen] | M 
| r 
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bn, 


1-u)"u™d 
ia) cime 


Hg ec) 


Evaluating u-integral with the help of the Eulerian integral of th i 
first 
(Copson, 1961, P 212), we obtain Br e first kind 
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Now evaluating x-integral with the help of (2.1) we have 
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BCE 
where A x 0,B > 0,jargz| < Bn/2. 
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n Re 
Ae wt 0 op ny No 
xH" E (x, + x,) Di Ve l E dx (ii) 
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a P xH 
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= arg(C, Laret < a = 1,2), and an appeal to | 


Thus under conditions kal  O,argc, 


analytic continuation we have (3.1). 


The change of order of inte i i i 
j gration and summations in (3.3) is justifi d b 
the de 1 vallee Poussiu's theorem (Bromwich, 1931, p. 504) under the uds ý 
imposed in the theorem. S 
4. Special Cases. (i) If take R=1 in (2.1) i i 
: = .1) we get integral involvi 
product of general class of polynomials and Fox's H-function. Egger 
GE ) V, d nl Ala, 
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where 8 is a positive integers, A «0,B > 0,largz| « B1/2 and 
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(ii) If we take R=1 in (3.1) our result reduces to 
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provided that (i) & is a positive integer 


GH A<0,B< 0,|arg z| < Bn/2 


E s 1 
(iii) Re + 8h, ae Ta) sei 
(iv) The series in (4.2) is uniformly and absolutely convergent in a suitably 
choosen domain. 
(iii) Letting U, 7 0,45, =1 in the equation (4.1) and (4.2) we get the result obtained 
by Shah ([9], p715) and Nigam (17), p.2, eqn (3.1)) fespectively as given below. 
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- (iv) The series in (4.4) is uniform] d i | 
M nodis y and absolutely convergent in a | 
(iv) If we make use of the relation. (Sharma, 1965, p. 199) | 
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(V) If we take R-1 in (4.5) we get the integral involving the product of general 
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ABSTRACT 

We studied flow of velocity and distribution of magnetic field in laminar 
steady flow between two parallel plates situded at a distance and having relative 
velocity between them. For low Hartman number, flow velocity numerically 
increases rapidly in the middle of the plates, then it numerically increases slowly 
near the plates. But for large Hartmann number it numerically increases slowly 
in the middle of the plates and then it numerically increases rapidly near the 
plates. It decreases the strengh of the magnetic field decreases. For large Hartmann 
number, the strength of the magnetic field is inversely proportional to the- 
Hartmann number. 

2000 Mathematics Subject Classification: Primerey secondary 
Keywords: Magnetic permeability/ coefficient of viscocity/electrical conductivity/ 
Hartmann number. 

1. Introduction. Contribution of laminar steady and unsteady flow has 
been made by several authors because of its wide application in Engineering, 
Physical, Medical Science and Oil refining etc. Problem of heat transfer through 
the annular space when the fluid flow is laminar and there is uniform heating 
either from out side, from in side or from both was investigated [1]. Numerous 
theoretical and experimental studies of both laminar and turbulent heat transfer 
in annuli taking various types of wall temperature distributions have been made 
([2],[4]). An analysis on laminar flow and heat transfer in concentric annuli with 
moving core was obtained [5]. The stability of laminar flow od dusty, gas was studied 
[6]. Contribution on laminar flow an electrically conducted liquid ina homogeneous 
magnetic field was made (7],[8]. Our problem is to study of velocity Bu wie, 
of magnetic field in laminar steady flow between parallel plates situated at a 
g relative velocity between them. l : ; ; 
2. Formulation of the problem. Let us consider two-dimensional stea à 
laminar flow of an incompressible and electrically conducting ftd of constan 

: nductivity between two parallel insulated plates. 
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them. The velocity of flow is parallel to the plates, which are in the direction of y- 
axis. An external magnetic field of constant strength Hy in the direction of y-axis 
is also in consideration. Then conditions of flow are: 


u=Uu*(y*),v=0,w =0, 
H, = HoH, (y 


*), Hy = H.H, =0, 
P-pU2p “(Ge KC 


se (281) 


where x= Lx*,y = Ly*,L and U are the characteristic length and velocity fot the 
problem respectively. Using (1) and neglecting stars, the equation of motion 
V.u=0, 


jm iao ig 
em HHVH = SÉ SC Le 


2. (i. v)H - (av): -Vgv?H 


takes the form 


Adu p dH, op 
R, dy? Do WEE 
E 

TERS ay EEN 
and 
du 1 dH 
dy R, dy (24) 


U. 2 

where R, Eum x R, =,oUL, 
R,= Reynolds number, 

Ry= Magnetic pressure number, 

R, = Magnetic Reynolds number, 

p= density of the fluid, 

H= coefficient of viscosity, 


= Magnetic permeability, 
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v — Kinetic coefficient of viscosity, 
c — electrical conductivity. 
From (2.2) and (2.3), we get 


Adu LACH ` 
R? dy? R, dy? ` BCE) 


where R, - JR, R4 R,,R, is Hartmann number. 
Subtracting (2.4) from (2.5) , we have 


-R 3 
y ...(2.6) 


Consider that the two plates'are situated at y — *1 and there is no pressure 


gradient in flow field. 

Now the boundary conditions are: 

y=1, u=1; y=0, u=0; y--1,u--1. ..(2.7) 
Using condition (2.7) then solution of (2.6) is 


Ryy -Rny 


—— (2.8) 


u= = _ 
eP^ zc e P j 


Case I. when R, > 0, we have 

u=y, 

it is a straight line, whose gradient is 1. 

Case II. When R, > %, we have 

u=0 (expect at y- t1). 

Plates are insulated. So the boundary conditions are: 


y=+1, H, -0. 


grating (2.4) with respect to ¢ and using above boundary conditions, we get 


Inte 
Jet. 3 e^ «e )- eu Ae Du (2.9) 
m E EN EC BACH 


It is the expression for magnetic field. 
3. Results and conclusion. From tabel 1, it is found that for low Hartmann 


number, the velocity of flow numerically increases rapidly in the middle of the 


plates, and then it numerically increases slowly near the plates. But e s 
i i i in the middle of the plates, an 
Hartmann numberitwnemeaily.inaeanes slo Me apaan Nero mang 
then it numerically increases rapidly near the P ates. artm 
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Figure-1 


distance velocity graph 
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Table - 2 


4 A, , s 
Strength of magnetic field R is numerically calculated for different Hartmann number 
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increases velocity decreases. From table 2, it is found that on increasing Hartmann 

number strength of the magnetic field decreases. For large Hartmann number, the 

strength of magnetic fieldi inversely proportional to Hartmann number i.e. 

independent of the distance from the plates. Figure 1 and 2 show the pattern of the 

flow of the velocity and distribution of magnetic field respectively. 
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ABSTRACT 
We determine the error bound of a periodic signal belonging to H. -space 
([6]) by deferred Cesaro-processor ([1]P 414 and [4], p. 148) and generalize a result 
of Zygmund ((71, p. 91). 
2000 Mathematics Subject Classification : 42A10,42A24. 
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] 1. Definitions and Notations. Lets (t)< C * [0,21] bea class of 25 - periodic 


analog signals and let the Fourier trigonometric series be given by 


s(t)~ SE + YG, cosnt+b, sinnt)= YA, (t). OD 


n=] n=0 


Singh [6] defined the space H. by 


H, = ble) € Car |.) slt) Sul, —5jlh (1.2) 
and the norm || . by 

lal NM +sup A” sln fs) (1.3) 

ty te e 
where 
RH = sup sk), (1.4) 
Ost<2nx 

and 


s1 
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and choosing elt: fl 0,a(¢) and o* (t) being increasing signals of t. if 
oft ls Al -tal (1.6) 


ot falls Kla -t.|',0<B<asl T) 


'A' and 'K' being positive constants, then the space 


H.- se CHE atts) sleli —tol EE 1}, ...(1.8) 


is a Banach spaces (see[5]) and the metric induced by the norm | |, on H, is 
said to be a Hólder metric. 

Let s,(t) be the am parital sums of (1.1) and Let{p,} and Jo.) be sequences of 
non-negative integers satisfying - 


ES, ...(1.9) 


and . limg, = o. ---(1.10) 


nw 


The processor 


1 Qn 


Y s) (1.11) 


In Pn kap, 


D,(s,)- 


defines the deferred Cesaro-transform D(p, a. ) ((1], see also [4],p.148). It is known 


[1] that D(p, ,q, ) is regular under conditions (1.9) and (1.10). Note that -D(0,n) is 


the (C,1) transform and let D. | bea monotone non- decreasing sequence of positive 


integers such that X, =1 and Àn ku SI, then D(n -X ,n) is same as the n" 


generalized De la vallee poussian processor [3] generated by the sequence (4) 
We shall use following notations: 2 


$, (t)= s(t, + 2t)+ alt, —21)— 2s(t,), 


(1.12) 
K, (t NE. > 
) EES [sin(p, +q, + Utsin(g,, + LSK (1.13) 


2. Main Theorem. Usin F jé 
the following result. 8 “ejer operator, Zygmund ([7], p.91) has established 


Theorern A. Let @“(t) bea non- 


negative and increasing signal-defined in a rights 
hand neighbourh = 
H, RHBPESRERAL aie 76 deforo oliver Let w(t) be th? 


r CO Mee 


2) 
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modulus of continuity for a periodic signal s(t), then if 
w(t) = Of *}(t),as t > o* (2.1) 
we have 
pax os 65) ste ofer (ny. (2.2) 


where o,,(s;t,) is the Feier operator. 


The object of the present note is to generalize the above result shall establish 
following: 


Theorem. Let o*(¢) be a non-negative and increasing signal defined in the right- 
hand neighbourhood of t=0. Suppose that o *(ry-* J for0<a <1, Let a(t) be the 
modulus of continuity for a periodic signal s(t), then for s(t)e H,,0« «oa «x1 and 


a(t) = ofo *}(t),ast > o*. (2.3) 
We have 


8 iP 
ge EH NET J Ç 
D, nl" t =O} 5 log] 1+ D 
| (s ) sl Jl | d Qn ES Pn ) | KS E Pn 


3. Proof of theorem. Following Zygmund [7], we have 


BR —— als 


"uu (200K, yat. | 


We write f 
Elek D, (s, )- s(t) j 
-qy [08.02 

and 


E(t,,t,)- |E(t,)-E@) 


< 


Si EE a ras 
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1 lanpa) e? je Ta say. 
an E “en y SDN ) 
]t is easy to prove 
lo, (0-6, C) s 4Kole) (8.1) 
and le, (t) =, DE 4Kolt, =i à ..(8.2) 


Now using (3.1), we have 


ud, i pee ott E sin(p, +q, * 1) sin(g, +1- p,)t dt 
Qn — Pn], sin 


- 1 jla, ERI Mec $ 
"ul E (p, *q, * Hg, +1- p,)t dt 


- Of) Pa In + 1 L | 


Qn ~ Pn (an - Pn) 
tai 8= plg, «1 
14 Pn 
th ln en — 155 
en nao Qa — Dp. J- Ps 18 $ 
Qn 
ES ad | i (3.3) 
In — Pn "E 5 


Again using (3.1) we have 
1 12 
Lo x a(t) 
In| le, m dt 


1 12 * 
E oto* (t 
= Nan -P, aa Oa "dt 
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1 
2040* 5 
| [= — Pn J (3.4) 


Now from (3.2), we have 


1) 1 
In = eJ KS Ten "lb. @)- ty be, (Pen (tjat 


-d Kf ^ Veil) 


/q, ©” 1 st 
I}; =0 iat d EN tll iu PED 
Pn 


n 
f fa - m 
kb all 


n 
Seel 


da 
O 


to 2 


.-(3.5) 


and 


* Le 
ha 20 | Map) T tan E 
Qn — Pn 


In 1 n 


Va, sin^£ 
pn an Ka, p, #1 dt 

Oto (t -t;|]log—3^— >», (3.6 
f (5 =t) E (3.6) 


Yan t? 


Il 


thus 


l= oa" (t SE aia J (3.7) ; 


Again from (3.3) 


MERAS UU 


1 m ` ora zs al) 
sig ie ————— dt 
A d an L) I(a,—p.) 1 
= Ofo* (t pl (3.8) 
Now noting that 
...(3.9) 


: I = I-n. + = 1,2, 
We have from (3.3) and (3.7) 
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p jb 
a HESE | n 
1-0 ech E S n dir. ...(3.10) 
and from (3.4) and (3.8) 
" 1 1-B/n 
I, =O bti: -p, I p ... (9.11) 


Thus from (3.10) and (3.11), we have 
E, (t )- E, (ta) 


su * 
7 0 ^ -t,| 


VE 


B/n 1 1-B/n 
=O fog = J ("t > | BEA 
Qn — Pn n Ln 


It is to be noted that 
|E, t) = max Ib(s, )- s| 


Ost; s2x 


-olaf 1 J. | (3.13) 
In — Pn 


Combinizg (3.12) and (3.13), we get 


Ls =O ED In | 
In Pn K 


This completes the proof of theorem 1. 
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ABSTRACT 
The main object of present paper is that to obtain the most general solution 
for the parital differential equation of one dimensional heat conduction in a finite 
rod having the thermal diffusivity ky using the general prolongation formula for 
their symmetry. 
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1. Introduction. 
1.1 The General Prolongation formula. 
Let v= Ze x,u)— Zenn (x,u = — SES 


be a vector field defined on an open subset M c XxU where X is the space of 
independent variables, U is the space of dependent variables, p is the number of 
independent variables and q is the number of dependent variables for the system. 


Then n^ -prolongation of v is the vector field 


pry =v+ Sai (uf lcs 


aal j 


defined on the corresponding space ws c XxU ^) where X is the space of the 


...(1.1.2) 


independent variables, jj") is the space of the dependent varivables and the 
derivatives of the dependent variables up-to n (order of differential equation). The 


second summation being over all unordered multi-indices J < (jp jr) with 


ls j Sp sk sn, The coefficient function $7 of prv are given by the following 
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» T 
dall: ln 3 Zoch ZE 2 "ILI 
i=l p 


here u“ (sus EM and (T.L = (aus je) (see Olver [2], eq. 2.38 and 2.39, p.-110). 
W 8T Zei 


1.2 Theorem. Suppose Aul u™) for d—1,...,L is a system of differential equations 


of maximal rank defined over M c X xU. If G is a local group. of transformations 


acting on M and 
pr laa au 0 BA (1221) 


for d=1....,1, whenever A(x,u'”))=0 for every infinitesimal generator v of G, isa 


symmetry group of the system, (see Olver[2], eqation 2.25, page 104). 

2. Mathematical Analysis. 
2.1 Thé Heat conduction equation: 
The one-dimensional conduction of heat in finite rod, without source, with the 
assumptions 
(a)The position of the rod coincides with the x-axis, 
(b) the rod is homogeneous, 
(c) It is suffciently thin so that the heat is uniformly distributed over its cross 
section at a given time t, 
(d) The surface of the rod is insulated to prevent any loss of heat through the 
boundary, is governed by parital differential equation in the standard form 

u, = kyu y (2.1.1) 


where u(x,t) is the temperature at the 


point x at time ¢ and ky be the constant 
thermal diffusivity, 


t ty, which is the second order differential equation with tw? 
independent variables and one dependent variable (in our notation given in OU 
p=2, n=2 and q=1) (see Churchill[ 1], Simmons[4]). 
3 Method. Using the general prolongation formula we obtained the most 
SS ae for one-dimensional heat conduction equation (2.1.1) (see over 
4 Method of Solution. 


4.1 Mai 
ain Theorem. The most general solution of heat conduction eguation 


u, = kou. ` vol 


is given by u= ufi cet Jexple, -& 


5% +E gx” -e HIEL A 4est)]| 
x fle (x = 2e tl l4 4et)—e, eh 


; 2) 
Witz äech alx,t) „(l 
where s, ,...,£, are real constants 


D j n. 
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By using the following lemmas we proved the main theorem (4.1). 
3) 4.2 Lemma: 
Let v=E(x,y,t,u) ey hu) (y. u) (4.2.1) 
). Ox at ? du ees ks Le 


be a symmery on XxU. Then the smooth coefficient functions Sr and & are 


given by & = E(x,t),t = 1(t) and $(x,t,u) = B(,t)u talx,t) where o and f are arbitary 


18 
functions. 
1) Proof. Firstly we determine the second prolongation of v by using (1.1.2) to 
ð d ð ð ð 
ru + im om Eise EE KEE Dsg 
a priv t abt oup o T E 
and the coefficients present in (4.2.2) can be calculated by using (1.1.3). Using the 
infinitesimal criterion (1.2.1) takes the form 
: Q = hop” (4.2.3) 
e 
By substituting the value of Ai and $* in equation (4.2.3) and replacing u, by 
Roy, then equating the coefficient of the terms in the first and second order 
paritial derivatives of u, finally we find the determining equations as follows 
ES Tablel: The Determining Equations Table 
; Monomial Cofficient 
he UU, 0- -2hyt, (a) 
Us, Uz -2hyt, (b) 
k Y -ho Tu - hy Tu (c) 
n 
WO | H. 0= Ry Ty (d) 
1) uu, AE, = Do Ty — SS, (e) j 
ast S ko (6, T4 T, ) = hy te + ko (o, = 25.) (f | 
(2] uj KÉN (ei 
u 0= ko (bu E 2-3) (h) 
Uu, = Gr = [GT EZ E.) d 0) 
1) A, = Abu (k) ...(4.2.4) 
The reqirement for (a) and (b) is that tbe a function of t.(e) shows that E does not 
EI depend on u.(h) shows that $ be linear in u,so Ae, ul Bx, t)u + a(x,t) for functions 
oi « and B. 


4.3 Lemma. The AKA Ceci eweg: syrfaweryiufiihe Heat conduction 
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equation has coefficient functions of the form $-0 +C4X t C5 2t + cg Axe. 


ME +a me and $= les Die eg)" cg (x? Spill u+a(x,t) where C168 


are arbitrary constants. 
Proof. Using lemma (4.2), the equation (f) require 1, = 2€, soE(x,t) = (1/2), +o(t) 


where c is only function of t. We infer from (E »-2hp, impliesB be at most a 


quadratic function in x given by B < -(1/85, tx? - (1/25, o,x + p(t) where p is only 
function of t. At the end the equation (k) requires that both o and D be the solution 
of the heat conduction equation, i.e., a, -k,a,, and f, < baD... Using the 


determining equation of B, we find that + is quadratic mt and o,p is linear int. 
Since all the determining equations are satisfied then the most general infinitesimal 
symmetry of the heat conduction equation has coefficient functions of the form 
5-0 * 4X + C5 2t tc, Axt, t — Ga - 0,2L c, 4t? and $ — leg — (L/ hg eg) Cg (x? F starl 
u+a(x,t) where ise are arbitrary constants and a(x,t) is an arbitrary solution 
of the Heat conduction equation. 


4.4 Lemma. The infinitesimal symmetires of the Heat conduction equation is 
spanned by the six vector field | 


Vy = 0, Ha = 0; ,03 = UO,, V4 = x0, #2101, 
Us = 210, +(-1/ko)xuð,, vg = 4txd, + 4t?0, — (x2 * 2kot)/ko Juo,,, and the infinite- 
dimensional sub algebra v, —alx,t)o,. 

Proof. The proof is evient by using lemma (4.2) and lemma (4.3). 

4.5 Lemma. The symmetry Lie algebra 3 of the heat conduction equation is 


spanned b ix- 
panned by the six-vector field Vp Vg and the infinite-dimensional sub algebra ia: 


S between these vector fields as follows 
Table 2: The Commutation Relation Table 


Proof : The commutation relation: 


E U 
2 U 3 U 4 U 5 U 8 Va 
Ug 0 0 0 2 s V, vg 2v; Va, 
U 2v 
v 0 0 0 0 : 4v, —2v, Ua, 
U -U, ` 0 0 
4 1 -2v 0 0 5 , 
5 U 

"5 — (I/hy Bu,  -2w 0 em 6 
Ug -2u 2 : 9 

5 U3-4v,0 -2v5 0 0 
Ua —U, CC-0. Gyrukul Kangri Collection, Haridwar. An eGangotri Initiative 
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where a'- xa., * 2ta,,a''= 2ta, + (x/k), a" = 4t(xa, + to.,)+((x? + AAT by the 
above table 2 we find that 9 forms the Lie algebra with Lie bracket operation. 

5 Result. 
5.1 Theorem. The one- parameter groups G; generated by the v; are given as 
follows 


G, :(x * £,t,ou) Gs : (x,t - ju) Gs : (x.t, ue* le, à (xe: „te Ab, : (x + 2et,y,t,u.exp 

Lies E°t)/ko)),G, : (x,t eo(x,t)) G; : (x/(1- 4et),t (1 - 4et),u./(1— 4ez).expl- ex? (Et 42) 
where group G, (i= 1.630) is a symmetry group. 

Proof. The one parameter groups G,(i = 1,...,6,a) are obtained by using the lemma 
4.4 and exp(eu; Xx,t,u) = &.7.z) S 


5.2 Theorem. The group invariant solution to the Heat conduction equation 
corresponding to its different symmetry groups are given by the function 


wl) = f(x- c, tu?) = f(x,t- c) u) = e*f (x,t),u = flre, te), 


u'9 exp(- ex + eicht, let — Ze, t), u ? = f (x,t)4- eelst 


us 


Aan d expl- ex? [K,U Aet)) f(x JD 4et),t/(1+ 4et)), where u= Hose) seam 


given solution to the Heat equation, a(x,t) any other solution and e be a real 


number. 
Proof. The group invariant solutions of Heat conduction equation are obtained 


by using the relation (x,t,u)= (&,7,z) and putting the values of x,t and u in given 
solution u = f(x,t) for each symmetry group G; given in theorem 5.1. 

Proof of Main Theorem 4.1. The most general solution w= gf (x,t) of the Heat 
Conduction equation is obtained by group transformations g= exp(v, ) 


exp(egug )..,exp(e,v,) of given solution u = f (x,t) and using theorem 5.2 as follows 


u= (uG t 4et exp E3 — Kan geit —sg^t[ ko (1 + 4e¢t)|| 


x (e (x - 2650/1 4615) s, "Biz 4sgt)- 65) a (x.t) 
where s, ,... Se are real constant and o an arbitrary solution to the Heat equation. 
Ñ -0- Guruku 
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6. Conclusion: In our investigation the groups Go and G, reflect the 


linearity of the Heat conduction equation. The G, and G, are the time and space 
invariance of the equation respectively, and reflect the fact that Hent conduction 
equation has constant coefficients. The group G4 is well known SE symmetry 
group. The group Ge represent a kind of Galiean boost to a mong corrdinate 
frame. The group Ge is a genuinely local group of transformations and if u—c be 
a constant solution then the function 


u- (ci * 4st) expl- ex? (ball 3 4et)) 


be a solution. The fundamental solution of Heat conduction equation be obtained 
by substituting c= z/n, at the point (x),t,)=(0,(-1/4e)). Now, by translating the 


above solution in ¢ using G,, with s replaced by -1/4e, we get the fundamental 


solution of the problem in the form u = (txt Ant expl- x? /Akot } 
7. Discussion. The general solution of Heat equation is invarient under 
its different symmetry groups G,(i=1....,6,a) acting on the independent variables. 
8. Special Cases: 
8.1 If take buz l then the most general solution to the Heat conduction equation 


TUS (BLD 
is given : 
u= (u s Age expl; = bs * Set" - SH IL gell 
x fle (x — 2/1: 4e,t)— c, e? (t/1-- 4e,t)- n alx,t) (8.1.2) 


where &,,...,€g 


are real constants and a an arbitrary solution (see Olver[2], page 
120). 
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ABSTRACT 

In the present paper, we introduce multivariable analogue of Chandel 
polynomials [5] and Chandel-Agrawal polynomials [6], Our polynomials are also 
generalization of multivariable polynomials due to authors Chandel and Tiwari 
((7],(1.5)). 
2000 Mathematics subject classification : Primary 33C65; Secondary 33C70. 
Keywords: Multivariable Analogue of Chandel and Chandel-Agrawal polynomials, 
Multivariable polynomials due to Chandel and Tiwari. 

1.Introduction. Bell polynomials [8] are defined as 


(1.1) H,(g,h)- (C1) e" pes; Dee 
where h is constant and g is some specified function of x. 


Shrivastava [9] derived from above the polynomials defined by 


(1.2) Game) e (x2) es 


Singh (10J introduced generalized Truesdell polynomials defined by 
Rodrigues' formula 


- X on S -px^ = d 
(1.3) T? (x,r, p)=x%e”* 8 k e P* | Oa 
Chandel ([1],[2],[3],[4]) introduced and studied a class of polynomials 
defined by Rodrigues' formula 


1a Pese sete] are 


where £4]. 


For #51, (1.4) reduces to (1.3) 
Srivastava and Singhal [11] also studied slight variation of (1.4) in 
the form 
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(1.5) G2(x,r, p,k)- Ze ell? z) k expl- px" } 


Further to generalize the polynomials defined by (1.1), (1.2), (1.8) 
(1.4) and (1.5), Chandel [5] introduced and studied a class of polynomials 
defined by Rodrigues’ formula 
(L6) G,(g, A) - e "on ^n], 
where h is independent of x and g is suitable function of x differentiable 
any number of times. 


Later on Chandel and Agrawal [6] to generalize (1.5) introduced a 
class of polynomials defined by 


(1.6) Ss. e) - li - he(x)F O^ [L- he (x)| *, 
where a, h,k are any numbers real or complex independent of x and g(x) is 
any suitable function of x. 


Here in the present paper, we introduce and study multivariable 


analogue of Chandel polynomials (1.5) and Chandel-Agrawal polynomials ` 
(1.6) defined through Rodrigues’ formula 


ze hg tt hg, pen QU dÉ hygy 4 hugs] 


where b, h,,...,h,,, bs R are real or complex numbers independent of 


XX while g, is function of x; differetiable any number of times and 


m k, d 
eelste, 
L 


It is clear that 


: (03h, Jb,...h,. fb; m 
(1.8) Dn G: 7 US 


= Gn, (h81 ).--Gn, IS s) 
Also in addition for m= 1, we can write 
à (b,h/b, 
(19) Dn GRES) GI. : 
where G,(h,g,x) are polynomials due 


Also for m=1, (1.7) reduces to 
(1.10) GAST gh h g) 


to Chandel [5] defined by (1.5) 
(1.6). That is 


where SG, cl are polynomials d l 
, uet ined 
through (1.6). CC-0. Gurukul Kangri Collection, 0 Ghandel and Merawal [6] dere 
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Also chossing , --Lg;-ajlogx;- px; (i—1,..,m) and replacing 6 by 
-b, (1.7) reduces to the multivariable polynomials due to authors Chandel 


) and Tiwari ([7],(1.5)] defined by Rodriguies' formula 
s (18). ea kakap Da et 


- h E s, log x DU Je log £m — p, xz J 
Qn SQ (its log x, — p, xj! IE s, log x,, - pax 7 


where n, are positive integers , b,a;,k;(#1),r;,k; are arbitrary numbers real 
or complex independent of all variables CH Vi Moss. 

2. Generating Relation. Starting with Rodrigues’ formula (1.7), 
we have 


[2 no 
Y Gb hab b, Lar 


ni. yn 


a 
(Essi) e 
nj, n, 20 5 Ny: Mp! 
=(1+ hygy +...+hn&m y^eh? tetas, (ithe, khe 
Thus making an appeal to the well known result due to Chandel ([1, p.105 
eq. (2.5)]; also see Srivastava-Singhal [10, p.76 eq. (1.12)]) 
f 
eer | SE 
(2.1) S SES 
h aa AA hT 
where kzl and f(x) admits Taylor's series expansion, we finally derive 
Benerating relation 


t n t Ea 


le 
n, y, =O m: Nm H 


x 


= (L+ hg hg.) DtAQg-————— mm 
L-e oR 


Ell 


Lo 
Ee 


1 
KA 
OT L Se 
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3. Applications of Generating Relation. An appeal to generating 
relation (2.2) Ns 


(3.1) ue hs hb blage 


$F (n) e peste ns anh Pte na) 
yr 8 un yn D dE pen 
sc s„=0 
which can be further MU in the form: 


ns pou hes 


(3.2) G, eu Em) 


= To) s ot: ROS cis is) 


Su Trëtt Smi te Sing =m jal 
d 


| Gothi Ks m 


Siyo Smg 


4. Recurrence Relations. Starting with generating relation (2.2), 
we have 


e : 2 ph a 
E e TN [P 
Ny pen, 20 n! n! 
E CM u n geo qns 
E 5 (em p bh lie, l» En) SC Lrbë X a 
Greet, m! | SS CH ERR 
| E d — (ky — Yaa it 
ted hg, Xm 
1 
Na 
E (bis... es pa Nm 
s 2 BO An ` "le, T 
e nj Ser 
a (b; hn- OA Tous aku) pa n, 
i Y n L Le EE 
Ra ml pel 


XY US aa Tra, zb, Èn ae (tem — 1), xi Y [e KA 


= 2 Ge GE " -Xg,... 


yr n, 
JE zT HD Lossen J——.., 2 
Pë : m! ni 
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Now equating the coefficiants of ti.» both the sides, we derive 


the recurrence relation 


(4.3) (Leg TT bags JG eile) 


` rxbih seen Ru, $1 
x Gae at S Alte, 28) 35 hy 3 E L 
1- 


sı=07=0 


“te = iei 


Gib iig gn) fe th DI EXE e (en Akti 
km Ty 


8,707, -0 


Ih, bb.) 
Kaes RE (818m). 


5. Differential Recurrence Relations. Differentiating (2.2) 
partially with respect to Du, we have 


` n,-l t [s 
G E Ry kis okm ) Bats Ul 2 nt 
‘i aN e (ga. en AV ne! nal 


- 1 =) k {(k,-1) 
= (1 hg, To RE) "hS, xh A-G -Ynxbh 1} 


b-1 


KAES ZE = = tee tip 
E | hana PG d E ` 


Therefore, 


eo gu ) pa Ha qs 
Other e. hug.) Y, aae les E 


Rie 
Det, =O 
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T t?» 


unc. 


Yo aM gn) 
n 


Ty vef “np! E 


Thus equating the coefficients of ON. both the sides, we derive 
recurrence relation : 


(5.1) a e E PX (gs... Em) 


“nahan È SE a Eug EE 


which suggests that m-recurrence relations can be written in the following 
unified form : 


(5.2) (L+ hagi Y T hags HT E D Nm (en: Fer) 


TST yp yat 


k; S n; k; L 2 
= bhyx;'8'; SEN (k; Ai d Hn) Lë E 


: ` S i- 1,...,m. 

Again differenting (2.2) partially with respect to x, we have 
S Ô lbih ehi sl Gg 
» —(G d pesen ba SRL. ka) 1 tae 
me 2, 20 OF iH GE K (7 Mm! 


--bhg pe 
E (L+ yg, +...4+ hags) : na rte 
(Dah | 


b 
thee m 5 -b 
i(k V, abel k=l TRU L hg, teh gs) 
b-l 


l+hg, A A 


vei Dat (e cay hod (y rg aet SW 
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(Leg +. hg) D a ORAE 1 (27, IE 

Mp ser, 20 "E 1! Nm! 
DON C ssa P aan 
=—bhyg'; 29 Ge in fn "(st ) Ha m 
E ios ml! n,! 
Dj, m 1 m 
o n n 
' b-1;h, ha BB O E 
tbhg' 2 Ga S E 
Hi efa =O Mm: Nm 


DES KT, Gel CEA? Ae) fs app 3 


Thus equating the coefficients of Oh. CG, we derive differential 


m ? 


recurrence relation. 


ð ) 
(5.3) (Lg +.. Me G N e) 
n 
= “hye, GÜ-bhe he eng) bmg 2 DN [s d fn Ach 
s,-0 k- 


E y ^ n- +2 
GO ash gs... gn) ben sl, PE (ER = 


(n hy - 1g pens Gem a Biete (gri Em); 
Which further suggests m-differential recurrence relations in the following 
unified form : 


(5.4) (L- hg, +.. Phi) Gr: SE (gm) 


— 


ag, GO aremania...) bags A Tes Fa bh up 


GU efe) (BB) + ORB TP (Be me 


+19" m 


(enini | (ssi), heat 
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n; ki e kil S, 
n ð que.) SC] ar) (a Us | | 


GT-R A (gym) 
1 


yeep Brel ono 


HR al 

: Pi ook e (b-1;h,,... P, Ry sss ET 

DGN ae ai S 3l 3 (EE | Ben (8i, Em) 
pet a tu FA L 


n, -ik bb.) 
S kl P (b-1; nhm iki vkm 1 
t 2. C Je. = La ea nan an (si 98m ) 
Ss 


nl n; -1Y b; +2 ds 
sab (s -1) Y; E | 7 2 f - 02h71] 
L 8, 


s;=0 Si 


de cu TT 
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ABSTRACT 

In the present paper, we shall obtain the distribution of sum of two mixed 
independent random variables with different probability density functions. One 
with finite probability density function and the other with infinite probability 
density function associated with 77-function. The method used is of Laplace 
transform and its inverse. The result obtained by us is sufficiently genetral in 
nature due to the presence of the H -function in the probability density function. 
2000 Mathematics Subject Classification : Primary 60Exx, 62Exx; Secondary 
62H10. 
Keywords: H -function, Laplace Transform, Distribution Function. 

1. Introduciton. In the study of statistical distributions, there is a vast 
literature in the distribution in the linear combination of several independent 
random variables when each random variable follows a particular family of 


p) distributions. the works of Robins [14], Robins and Pitman [15], Kabe [10], Stacy 
21 [20]. Sricastava and Singhal [19], Mathai and Saxena [12], Malik [11], Saxena and 
Dash [16], Goyal and Agrawal [8], Garg and Gupta [6], Garge [5], Garg and Garg 
lell 7], is worth mentioning. 
It has been observed that the distribution of sum of several independent 
random variables when each random variable is of simply infinite or doubly infinite 
niU. 


range can easily be calculated by means of characteristic function or moment 
genetating function. However, when the random variables are distributed over 
finite renge, these method are not much useful and the power of integral transform 
method comes sharply into focus. 

In this paper, we shall obtain the distribution of two independent random 
variables, X, and X,, where X, possess finite uniform probability density function 


and X, follows infinite probability density function involving 77-function, given 
by the equations (1.1) and (1.2) respectively. Thus 
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l/a O<x<a 


AD 
fix) = | 0° otherwise a>0 


and 
| AL -pa 7AN] py (a,,0.,54,), d; aa xo 20 | 
lra l< je e Hd bp), EBB hg 72 “02 
In. otherwise 
where 
(a,,0,;A,) 1 Aale, al 
c =) SE zu II JAN, J J/N+1,Q 
p+l,Q (OF Phan On RSI ...(1.8) 
and the following conditions are satisfied : 
(i) 1204» Dt min o; /B;)» 0, 
nre M N Q P 
(ii) A= )'B; + Ajo - p Bjp; - Ya; 20, (14) 
Jel Jal j=M+1 j=N+1 


(iii) The parameters of H -function are real and so restricted that f,(x,) remains 
positive for x, 20. 


The H function occurring in (1.2) is a generalization of well-known Fox 


H-function [4]. It has been introduced by Inayat Hussain [9] and represented as 
follows 


PRIM PP Pj 


HEN B =H ay bs cae MO , a Jone 
M+1,Q 


J=N+1 


EB 5) 
M N 

EU ns | 

| BE WER Ir; -a;2) : (16) 
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where a; (j=1,...,P) and b; ( j=1,...,Q) are complex parameters, a; 20(j- Lig} 


and B; 2 0(j =1,...,Q) (not all zero simultaneously) and the exponents A, (j=1,...,N) 
and B; (J-M-1,...,,Q) can take on non-integer values. For the absolute convergence 
of the H function, the sufficient conditions given by (ii) of eq. (1.4) have been 


The behaviour of the H -function for small values of |z| follows easily 


from a result recently given by Rathie [13,p.306, eq. (6.9)]. We have 
HI DË Oei" Ja = min Reto; /Bj Jls —0. (1.7) 


When all the exponents A; and Bj take on integral values, the 77 -function 
reduces to the well-known Fox H-function [4]. We mention below give few some 
interesting special cases of the H “function [9, pp.4126-4127], which are not the 


particular cases of Fox H-function. 
(i) The generalized Riemann Zeta function [2, p.27, eq. (1)] and [9, p.4127, 
eq.(27)] 


(1.8) 


? = T (1 SH 


- Hii - do Cn) 


The above function is the generalization of the well-known generalized 
(Hurwitz's) Zeta function ¢(p,n) and Reimann Zeta function C(p) [2,p.24, eq.(1), 
p.32, eq.(1)]. 

(i) The polylogarithm of order p [2, p.30, eq. 1.11 (14)], 


5 —ogna|. Jos up) 
pei iem c YA | 


For p=2 the above function reduces into Euler's dilogarithm [2,p.31, eq. (22)]. 
(ii) The exact partition function of the Gaussian model in statistical mechanics 


(9,p. 4127, eq. 28]. 1 


5 | : (1.10) i 


(1.9) 


Praec ccn d. (1+6)? 


2) E given by Buschman and Srivastava [1]. 
(01) C 1,51-- d) 


6) In the p.d.f defined by (1.2), if we reduce 77 -function to Fox H-function by 


taking A; =B;=1, we get the p. d.f defined by Mathai and Saxena [12, eq. (8), p. 163], 
Which on Eeg eta r AR eae hkoafgstusiedeby Srivastava and 


iode WAR 22 
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Singhal [19]. Further, on specializing the jf “function as given above we can obtain 


various new p.d.f. s involving the functions defined by equation (1.8), (1.9) and 
1.10). 

2. Distribution of the Mixed Independent Random Variables 
Theorem. Let X, and X be two independent random variables having the 
probability density function defined by (1.1) and (1.2) respectively. Then the 
probability density function of 


Wad ae (2.1) 
is given by 
gly)= ell, WEE? 
-&6)- ex). a<y<o (2.2) 


where 


Oya) z + Ñ (2;,0.;;4,) 7 (1-X-n31)(.o.;) * 
gll: : St A SI | JUD JAN, JT TING,p 
n=0 0 


pl CBr Bhua C LR 


and 
C(y-a) & -u(y- a)" <u v. 
go) eae) y Coco ge. y 
n=0 zi 
kack, -a-ne paya, 4) 
HORSCH haret hang) P sio E 
C is given by (1.3) and the following conditions are satisfied : 
Q "cht, A+y min (b;/B,)>0 
M N Q P ` 
s: A= B+) Ae 
S 2 1 2. e A Bj- Dia, >0 (2.5) 


J=N+1 
(ui) The parameters of H - function are real and so restricted that gi (y ba 3 
and go(y), y 2a, remains positive. 


Proof. To obtain the probability density function of Y= 


method 
of Laplace transform and its inverse. Let the Laplace tr X X5, we use the 


b 
ansform of Y be denoted 
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$, (5), then 
p, (s) = Lif (x TATEM Lei (2.6) 
The Laplace transform of f,(x,) is a simple integral and to evaluate the 


Laplace transform of f,(x,), we express the H -function in terms of Mellin-Barnes 


type contour integral (1.5), interchange the order of x,- and &-integrals and 


evaluate x, integral as gamma integral to get 


Sa [Er em mata sp (aj, Aj) ees 


H? IL g Bj:Bj lotus 


S a 
(2.7) 

Now, we break above expression in two parts, as follows 

C(s +u)’ pune fioi) a nsns), 

CST i ^ 

g(y) sa p+1,Q esu) (»;8;), Ci Bi Bier 
€ "C(s*u)^ FMN es (ajo Ah y A: tlech 

za Hye esu) EB) RB Bidag ep 


To obtain the inverse Laplace transform of first term of eq. (2.8), we express 
the y -function in contour integral, collect the terms involving 's' and take its 
inverse Laplace transform and then use the known result [3, p.238, eq.8]. Writing, 
the confluent hypergeometric function thus obtained in series form and interpreting 
the result by definition (1.5), we get the value of g,(y) as given by the eq. (2.3). 

The inverse Laplace transform of second term easily follows by the value 
of eil and shifting property for Laplace transform. 

3. Special Cases : 

(i) In the theorem obtained in section 2 if we take A;=B;=1, the p.d.f. f, (xz) 


reduces to the p.d.f defined by Mathai and Saxena [12] as follows 


la; Qj es 
RR: r220 (3.1) 


AL -ux ry M,N Y 


0, otherwise 
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and the corresponding p.d.f. of Y as obtained from the eq. (2.2) is given by 
h(y)=hy(y), 0<y<a 
< Ral haa a«»«o GH 


where 


Cy ^ e Cw)" ou, 
inly) = C3 y B gun oy 64 


eae 20 
29 n: 


5,8;) oC -7.1) 


and 


i9) Ehl Saba nen poa 


P+1,Q+1 
g n=0 n! S 


y 2a (3.5) 


Further, if we take a=1 we get a known result obtained earlier by Garg [5, 
eq. (2.2), p.79]. This result can be further be reduced to yield the known result 
recorded in book [17]. 

(ii) In the Theorem, if we reduce the H -funetion to S Riemann Zeta 


funetion as given by relation (1.8), the p.d.f f(xy) assumes the following form: 


Ah — 
SE € P ax}, pas, 20 
0, otherwise (3.6) 


where 


Cj! - y? H3 auf. - n p) (12, 
3,2 H 
(01), C; p) 2 
and the corresponding p.d 
DOE of Y as obtained fr is gi 
NA) 0<y<a B 
=h,(y)-h,(y), Q « y «o Ee 
where 
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4) 


8) 


(3.9) 


Coy” e Cy)" zl "IO. - n3 p) Anal . - 
V E2 er Kita Coma) p E 


Y (0,1;1), D -n,1; p), D = 15 = n,y;1) yza 
U L nls p),(- UE Sahl 


(3.10) 
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ABSTRACT 

In this paper we have established some new results on bilinear, bilateral 
and multilateral generating relationship for Fox's H-function and multivariable 
H-function. Some known results for the Fox's H-function and multivariable H- 
function are also obtained as special cases of our main findings. 
2000 Mathematics Subject Classification: 33C99, 33C90, 33C45 
Keywords : Bilateral generating functions; Fox's H-function; Multivariable H- 
function; Generating Function Relationships; Combinatorial identities. 

1. Introduction and Results Required. Chen and Shrivastava [1] gave 
a family of linear, bilateral and multilateral generating functions involving the 


Sequence key. defined by 


Delt leet Ebbe (1.1) 
where for convenience, A(p;X) abbreviates the array of p parameters 


i A à+1 = A+p-1 
/ pu ELO co mE e€NzN,A0 
aa (pe N - N, Ilo) 
and for its multivariable extension defined by ([1];p.172, equation (5.21)). 


e, A(E SE.) or 


Zeien le Zi. (1.2) 


(e =hyo, +.. +k oik; € Ny; Scd 


Where {A(k,,...,2,)} is a suitably bounded multiple sequence of complex numbers 


and (A), denotes the Pochhammer symbol. 


(Qa), -2 +k)_ fb LK - 0; #0) ae 
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Raina [4] derived the following combinatorial identity as a special case of reduction 


formula in ([4],p.187, equation (15)). 


SC CI ee ap 
SUM WINS k k Utk, 
= (i-z)*, (d <1) (1.4) 


where G v NES eal i 


Recently in an earlier paper Jaimini et al. [3] generalized the results of 
above cited paper [1]. They proved six theorems on the generating function 
relationship in view of the above result (1.4) 

The Fox's H-function defined and represented in the following manner 
([2],p.408), see also ([5], p.265, equation (1.1)) 


(1.5) 


kel i 
H™ PA p p Sr Sd 
4 CO Oni pee 2 (1.6) 
where 
Tire; -p;&] [r( -a; ob) 
Nu j=l j=l 
$6) = = - 
TRR RR) [[r@;-a,t) | (1) 
Jamil Zenit 
] The multivariable H-function define r 
P eed P. 
manner ([6],pp 251-252, equations (C.1)-(C.3)). E Qo 
HIE] 


= Hem, x poal, o) JUN Se T yn) 
i 


P4PGpesgpqg, | P J ; : 
S 7 b.pU gan). 1 
2, BEF P K aps); 540,30) 
1 
Dit pa, w H s Jan S27 ds,...ds, ; (1.9 


| where i = ,/(-1); 
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] r9 ap: I r-d 1105.) 
$;(s;)- = zt D, : Vie D. Df 1 
| Il +69) [Tri - 7s; (1.9) 
J=m,+ J=n,+ 


n r 

(i) 
i-es QU; s) 
ja J=1 


IT do T3 in H b; "is J Ce) 


Janel 


v(s,,...5,) 


In this paper some generating relations for Fox's H-function and 
multivariable H-function defined in (1.6) and (1.8) respectively are established by 
following the above cited work of Jaimini et al [3]. The importance of these results 
lies in the fact that they provide the extensions of the results due to Srivastava 
and Raina [7] and also provide a wide range of bilinear, bilateral mixed multilateral 
generating functions for simpler hypergeometric polynomials. 

2. Main bilateral generating relationships involving Fox's H- 
function. 


Result-1. Corresponding to an identically nonvanishing function Q,(z,,...,2,) of s 


complex variables z,,...,2,(s e N) and of (complex) order 9, let 


2 aQ (z EA kb 
OH |= yo Ae RaR 


= (mk)! 
1-A-mk-omk,e) e, al 
sch ) {(d,,5,)} la, *0;ke Nape N;S,ooeC] (2.1) 
and 
[n/m 
IONS RA ena |= arona (yt) 
k=0 
ptntomk-1) (a+n+omk-1 agror ten Jan (2.2) 
n-mk n-mk (mk)(n - mk) 
Where 


cde Ree pa ? 3 D 


eet? E 
(pena omk), (Y 


SE 


Suche cht 


n=0 
m | 
-x (0) AA uz tin e EU 
-(1-t) T m,9,p.0,4 = pe? Som dei 
Result-2. Let 


2 < (SOOO dus 7 ski r,s Je Ya) 
35s DECHE e ten Hr 7 


(2.5) 
2, "ue. 
and 
[n/m] 
NA res ” zn] SOE at t) 
k=0 
ptn+omk—1 zi a+n+omk-1 (Ci CHO Soal (2.6) 
n-mk n-mk (n - mk) 
where 
-X-n-omk -l,z) Wc Y ) 
Of t)= (u okt Hras ( 39) ulu om 
tam Or) (Dye esr 2 (d,,5,),(C X — mk - omk,s) ( 


then 


Ka 
NS b; 21 vetas | 
n= 


FT 


EH |_y ne” 
330, Dal s apem 


Result 3. Let Y) - (y;z,,..,2,;t) is defined in 2.5 and 
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..(2.10) 


...(2.11) 


...(2.12) 


...(2.13) 


...(2.14) 
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yore bs mu = D E dr 


n=0 


nt" 
(4) x S eee) Em =| ---(2.15) 
fiue zs 1 (ene 


Proof of Result-1. We denote the left hand side of the assertion 2.4 of Result-1 by 
H{x,y,t] then we use the definitions in 2.2 and 2.3, we have: 


(u- a) d 
(u+n+omk) (0)! 


Black ES B 


lis n omk SIE tn omk- j Ce Aa IH 


n-mk n-mk (mk)(n - mk) 


r,st1 1- A-n-omk -Le), (Cu Yu) n 
Si CED) ; 


Now using the definition of Fox's H-function from 1.6 and changing the 
order of summation and integration and then on making series rearrangement 
therein, it takes following form: 


Kalla » X (u-a),t! 


pi+n+mk+omk-1 S atn+omk-1 Gi, (z i 
pk TER) mk de 
( a | S POTE Tie nmk-omk-l-c8n t k 


Now in view of the relation 


T(p*n41) p*n-l 
z d n ja | (2:16 
and then interpreting the inner series into Gauss' hypergeometric function ai 


we have 


0 n 
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asc mios 


n n 


K+n+mk+omk+e&,u-a,; 
nek Sch Dr " 
pc nmk-tomk; 


ay. +pk (z, iet 
(mk) 


HA mk * omk + ele 


Now using the combinatorial identity 1.4 and then on interpreting the 
resulting contour into H-function with the help of 1.6, we atonce arrive at the 


‘desired result in 2.4 


Similarly the proof of Results-2,3,4 would run parallel to that of Result-1, 
which we have already detailed above fairly adequately. 

3. Some Generating Relationships Involving H-Function of Several 
Variables. The Results-5,6,7,8 given below are established for the multivariable H- 
function defined in 1.8 by following the corresponding results proved in section-2. 


EX IO C Ich 
Result-5. Let Pa hte ee! |= pe 


En (mk)! 
yi (1-2) 
O Ul U5- SU, a RS — B 
Hy er Í ia H Ee ms; cse) 
y,(1=t) : 
p r) Jr) 
a E 2 5 1 2 g dë lis (3.1) 
(r) (r) ses LO, 
Ka ” LA di d D m Adj 5j ls 
and 
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Ba EI E Bes i [vss D E z,;t] 
k=0 
HL RL omk-1 Tra + H Lamk -1 a, uno) k 
San E ...(8.2) 
n—mk n—mk (mkn - mk) 
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KEEN Dan Au er 
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-(l-1 TG a Aeon 
(1-1) leie ah aciem | (3.8) 
Result-7. Let Xe (ore yo SH is defined in 3.5 
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c k m j 
BS oo, alaia) 
Result-8. Let Bs aai omia zeit] pal k pk 
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1 (r) 
» (I X mh Ok beleen) a k 
r)\ Lal 
Eeer p 1 Je 


ease MEN A q, 
Yr 
...(3.12) 
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4. Special Cases. If in Results-1 


e 
to 5 and in Result-8 we tak 
Q y —1, = = f 
so (21-»2,) > Lo = 0 and H=0 these results reduce to the respective known 
results in (17), ppr3 Foda reis enon Eled, (aer; An eGangotri Initiative 


14,3.3),(5.3),(6.9),(6.6) at B=0): 
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If in the results of section -2, 3 we take 5 - 0, and Qo (Zia 1 then 


these results are reduced into certain families of new generating functions 
associated with the Fox's H-function and multivariable H-function, but we skip 
the results here. 

All the results of section 2 and 3, the product of the essentially arbitary 
coefficients 


a, * 0(k e N,) 
and the identically nonvanishing function 
) | sat (215-425) (k € Nosp,s E N;SeC) 
can indeed be notationally into one set of essentially arbitrary (and indentically 
nonvanishing) coefficients depending on the order 9 and on one, two or more 
variables. In view to applying such results as section 2 above to derive bilateral 


generating relationships involving Fox's H-function and as section 3 to derive 
mixed multilateral generating relationship involving multivariable H-function. 


) We find it to be convenient to specialize a, and O, (2,,...,z,) individually as well as 


separately. Our general results asserted by section 2 and 3 can be shown to yield 
various families of bilateral and mixed multilateral generating relation for the 
specific functions generated in these families but there are not recorded due to 


lack of space. 
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